New higher-derivative invariants in N=2 supergravity and the
  Gauss-Bonnet term by Butter, Daniel et al.
ar
X
iv
:1
30
7.
65
46
v2
  [
he
p-
th]
  5
 D
ec
 20
13
Nikhef-2013-024
ITP-UU-13/17
New higher-derivative invariants in N=2 supergravity
and the Gauss-Bonnet term
Daniel Buttera, Bernard de Wita,b, Sergei M. Kuzenkoc and Ivano Lodatoa
aNikhef, Science Park 105, 1098 XG Amsterdam, The Netherlands
bInstitute for Theoretical Physics, Utrecht University,
Leuvenlaan 4, 3584 CE Utrecht, The Netherlands
cSchool of Physics M012, The University of Western Australia,
35 Stirling Highway, Crawley W.A. 6009, Australia
dbutter@nikhef.nl , B.deWit@uu.nl , sergei.kuzenko@uwa.edu.au , ilodato@nikhef.nl
Abstract
A new class ofN=2 locally supersymmetric higher-derivative invariants is constructed
based on logarithms of conformal primary chiral superfields. They characteristically
involve a coupling to Rµν2− 13 R2, which equals the non-conformal part of the Gauss-
Bonnet term. Upon combining one such invariant with the known supersymmetric
version of the square of the Weyl tensor one obtains the supersymmetric extension
of the Gauss-Bonnet term. The construction is carried out in the context of both
conformal superspace and the superconformal multiplet calculus. The new class of
supersymmetric invariants resolves two open questions. The first concerns the proper
identification of the 4D supersymmetric invariants that arise from dimensional re-
duction of the 5D mixed gauge-gravitational Chern-Simons term. The second is why
the pure Gauss-Bonnet term without supersymmetric completion has reproduced the
correct result in calculations of the BPS black hole entropy in certain models.
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1 Introduction
More detailed knowledge of supersymmetric higher-derivative terms is becoming increasingly rel-
evant. Although a substantial body of research in supersymmetric field theories, supergravity
and string theory is based on supersymmetric invariants that are at most quadratic in space-time
derivatives, there are many questions that require knowledge of supersymmetric invariants beyond
the two-derivative level. Originally the central question concerned the issue of possible supersym-
metric counterterms in the hope of establishing the ultraviolet finiteness of certain supersymmetric
gauge and supergravity theories. Hence candidate counterterms were studied whenever possible,
motivated by the assumption that supersymmetry must be the crucial element responsible for
the finiteness. However, there are also instances where one is actually interested in finite effects
corresponding to higher-derivative invariants, such as encountered when determining subleading
corrections to black hole entropy.
This paper is directed to an extension of certain classes of higher-derivative invariants in
N = 2 supergravity. From the technical point of view, such a study is facilitated by the fact
that there exist formulations of N = 2 supergravity where supersymmetry is realized off-shell,
i.e. without involving the equations of motion associated with specific Lagrangians. In that case
there exist well-established methods such as superspace and component calculus that enable a
systematic study. There exists a healthy variety of approaches: in this paper we will make use of
conformal superspace [1] which is closely related to the superconformal multiplet calculus [2, 3]
that is carried out in component form.1 We will be using these methods in parallel. For higher-
extended supersymmetry the application of methods such as these becomes problematic for the
simple reason that off-shellness is not realized, up to a few notable exceptions such as the Weyl
multiplet in N = 4 supergravity.
Some higher-derivative invariants in N = 2 supersymmetry and supergravity have been known
for some time, such as those involving functions of the field strengths for supersymmetric gauge
theories [7, 8, 9, 10, 11], the chiral invariant containing the square of the Weyl tensor (possibly
coupled to matter chiral multiplets) [12] and invariants for tensor multiplets [13]. A full super-
space integral has also been used to generate an R4 term in the context of “minimal” Poincare´
supergravity [14]. More recently, a large class of higher-derivative supersymmetric invariants was
constructed using the superconformal multiplet calculus, corresponding to integrals over the full
N = 2 superspace [15].2 This action involved arbitrary chiral multiplets, which could play the
role of composite fields consisting of homogeneous functions of vector multiplets. This entire class
had the remarkable property that the corresponding invariants and their first derivatives (with
respect to the fields or to coupling constants) vanish in a fully supersymmetric background. This
result ensures that these invariants do not contribute to either the entropy or the electric charge
1Other off-shell methods include the N = 2 harmonic [4] and projective [5, 6] superspace approaches, which
make it possible to realize the most general off-shell supergravity-matter couplings.
2The action considered in [14] can be interpreted within the conformal framework of [15] as the full superspace
integral of H = (Tab ij)
2(T cd kl)2/(X0X¯0)
2 where X0 is a compensating vector multiplet, in the presence of an
additional non-linear multiplet.
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of BPS black holes. Actions of this class have also been used recently to study supergravity
counterterms and the relation between off-shell and on-shell results [16]. Furthermore, in [17],
higher-derivative actions were constructed in projective superspace by allowing vector multiplets
and/or tensor multiplets to be contained in similar homogeneous functions of other multiplets.
Because the invariants derived in [13, 15, 17] can involve several independent homogeneous func-
tions at the same time, they cannot be classified concisely, although this forms no obstacle when
considering applications.
Nevertheless, these broad classes do not exhaust the possibilities for higher-derivative in-
variants. A previously unknown 4D higher-derivative term was identified recently in [18] when
applying off-shell dimensional reduction to the 5D mixed gauge-gravitational Chern-Simons term
[19]. It turned out to involve a Ricci-squared term RabRab multiplied by the ratio of vector
multiplets. This curvature combination does not appear in the previous known invariants and
is suggestive of the Gauss-Bonnet term, whose N = 2 extension has, remarkably, never been
constructed before.
A related issue, also involving the Gauss-Bonnet term, arose several years ago in a different
context: the calculation of black hole entropy from higher-derivative couplings in an effective
supergravity action. It was observed in a certain model [20] that one could calculate the entropy of
a BPS black hole by considering the effective action involving the product of a dilaton field with the
Gauss-Bonnet term without supersymmetrization. This result agreed with the original calculation
based on the square of the Weyl tensor, which depended critically on its full supersymmetrization
[21, 22], but it remained unclear why the non-supersymmetric approach of [20] would yield the
same answer and whether the outcome was indicative of some deeper result.
Both of these issues would be resolved by a full knowledge of theN = 2 Gauss-Bonnet invariant
and the broader class of higher-derivative supersymmetric invariants to which it belongs. The
goal of this paper is to present this class and to discuss whether it shares the same properties
with the previously explored classes of invariants.
Let us first briefly recall some features of the Gauss-Bonnet invariant as well as other invariants
quadratic in the Riemann tensor. In this introductory text we restrict ourselves to bosonic fields;
the supersymmetric extension will be discussed in the subsequent sections. In four space-time
dimensions there are two terms quadratic in the Riemann tensor whose space-time integral defines
topological invariants: these are the Pontryagin density,
LP = 12εµνρσRµνλτ Rρσλτ , (1.1)
and the Euler density,
e−1Lχ = 14 εµνρσRµνλτ Rρσδǫ ελτδǫ = RµνρσRµνρσ − 4RµνRµν +R2 . (1.2)
The integral of the Euler density is the Gauss-Bonnet invariant. Their difference can be made
more apparent by trading the Riemann tensor for the Weyl tensor, Cµν
ρσ = Rµνρσ−2 δ[µ[ρRν]σ]+
1
3δµ
[ρδν
σ]R,
LP = 12εµνρσ Cµνλτ Cρσλτ , e−1Lχ = Cµνρσ Cµνρσ − 2Rµν Rµν + 23R2 . (1.3)
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From the perspective of supersymmetry (1.3) is not a good basis for discussing supersymmetric
extensions. Rather, it turns out that the following combinations are more natural,
e−1LW± = 12Cµνab Cµνcd
[
ηacηbd ± 12εabcd
]
= Cµν
ab±Cµν±ab ,
e−1LNL = −Rµν Rµν + 13R2 . (1.4)
The first expression is the square of the anti-selfdual (selfdual) Weyl tensor, which belongs to a
chiral (anti-chiral) multiplet, and whose superextension has been known for a long time [12]. The
supersymmetric extension of the second term will be one of the results of this paper.
In the expressions (1.4) we made use of tangent-space indices, a, b, . . ., because the metric
formulation is not suitable for supersymmetric theories, which necessarily contain fermions and
therefore require vierbein fields eµ
a. In this paper, we will employ a superconformal description
in which the tangent space will be subject to Lorentz transformations (M), dilatations (D), and
conformal boosts (K). This implies that we will be dealing with three tangent space connections,
namely the spin connection ωµ
ab, the dilatation connection bµ, and the connection associated
with conformal boosts fµ
a. The connections ωµ
ab and fµ
a will turn out to be composite, as we
will explain momentarily. As our goal will be to construct the supersymmetric extension of the
second invariant in (1.4), we must first discuss how this invariant can arise in the framework of
conformal gravity.
Under dilations and conformal boosts, the vierbein fields and the various connections trans-
form as follows,
δeµ
a = −ΛD eµa , δωµab = 2ΛK[a eµb] ,
δbµ = ∂µΛD + ΛK
a eµa , δfµ
a = DµΛKa + ΛD fµa , (1.5)
where we use Lorentz and dilatationally covariant derivatives Dµ, such as in
DµΛKa = (∂µ − bµ)ΛKa − ωµab ΛKb . (1.6)
The corresponding curvatures take the following form,
R(P )µν
a =2D[µeν]a ,
R(M)µν
ab =2 ∂[µων]
ab − 2ω[µac ων]cb − 4 f[µ[a eν]b] ,
R(D)µν =2 ∂[µbν] − 2 f[µa eν]a ,
R(K)µν
a =2D[µfν]a . (1.7)
In terms of these curvatures one imposes the following conventional constraints,
R(P )µν
a = 0 , R(M)µν
ab eb
ν = 0 . (1.8)
Because the constraints (1.8) are invariant under Lorentz transformations, dilatations and confor-
mal boosts, the transformation rules (1.5) remain unaffected. For the supersymmetric extension
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this will no longer be the case and additional terms will emerge. The Bianchi identities together
with the constraints (1.8) imply the following relations,3
R(D)µν = 0 , R(M)[µν
ab eρ]b = 0 , R(K)µν
a = DbR(M)µν
ba . (1.9)
The constraints (1.8) express the spin connection field ωµ
ab and the K-connection field fµ
a in
terms of eµ
a and bµ. The resulting expression for fµ
a reads as follows,
fµ
a = 12R(e, b)µa − 112eµaR(e, b) , fµµ ≡ f = 16 R(e, b) , (1.10)
where R(e, b)µνab denotes the curvature associated with the spin connection,
R(e, b)µνab = 2 ∂[µω(e, b)ν]ab − 2ω(e, b)[µac ω(e, b)ν]cb . (1.11)
Note that it is possible to impose the gauge bµ = 0, so that only the vierbein remains as an
independent field. The spin connection is then the standard torsion-free connection, the curvature
R(e, b)µνab corresponds to the standard Riemann tensor with a symmetric Ricci tensor, while
fµ
aeνa is symmetric. However, it is advantageous to not impose such a gauge at this stage. The
curvature (1.11) satisfies the Bianchi identity D[µR(e, b)νρ]ab = 0. From this identity it follows
that Da
[
2R(e, b)µa − eµaR(e, b)
]
= 0, where the Ricci tensor is not symmetric. This equation is
equivalent to
Da
[
fµ
a − f eµa
]
= 0 . (1.12)
To exhibit some salient features of the above formalism and to give an early demonstration of
the strategy we intend to follow in this paper, let us consider a scalar field φ transforming under
dilatations as
δDφ = wΛDφ , (1.13)
where the constant w is known as the Weyl weight. We stress that φ does not have to be an
elementary field; it could also be a composite field, as long as it transforms in the prescribed way
under dilatations. It is now straightforward (but more and more tedious) to determine explicit
expressions for multiple conformally covariant derivatives of φ and their transformation behaviour
under K-transformations (c.f. appendix B of [15]),
Dµφ =Dµφ = ∂µφ− wbµφ ,
DµDaφ =DµDaφ+ w fµa φ ,
Dµ✷c φ =Dµ✷cφ+ 2(w − 1)fµaDaφ ,
✷c✷c φ =DaDa✷cφ+ (w + 2)f ✷cφ+ 2(w − 1)fµaDµDaφ , (1.14)
3Here and below we take Dµ and Dµ to contain also the affine connection Γµν
ρ = ea
ρDµeν
a when acting
on quantities with world indices. Dµ is the conformally covariant derivative and contains the connection fµ
a in
addition to the spin and dilatation connections. In later sections, we will use the same symbol for the supercovariant
derivative.
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whose variations under K-transformations read,
δKDaφ = −wΛKa φ ,
δKDµDaφ = − (w + 1)
[
ΛKµDa + ΛKaDµ
]
φ+ eµaΛK
bDbφ ,
δK✷cφ = − 2(w − 1)ΛKaDaφ ,
δKDµ✷cφ = − (w + 2)ΛKµ ✷cφ− 2(w − 1)ΛKaDµDaφ ,
δK✷c✷cφ = − 2(w − 1)ΛKa✷cDaφ− 2(w + 1)ΛKaDa✷cφ . (1.15)
It turns out that, for specific Weyl weights, ✷cφ and ✷c✷cφ are K-invariant,
δK✷cφ = 0 , (for w = 1) ,
δK✷c✷cφ = 2ΛK
a
(
✷cDa −Da✷c
)
φ = 0 , (for w = 0) , (1.16)
where, to prove the last part of the second equation, we rewrote ✷cDaφ−Da✷cφ = Db
[
Db,Da
]
φ+[
Db,Da
]
Dbφ and made use of the Ricci identity and the curvature constraints. From (1.16) one
derives two conformally invariant Lagrangians by multiplying with a similar scalar field φ′ of the
same Weyl weight as φ,
e−1L ∝ φ′✷cφ = −Dµφ′Dµφ+ f φ′φ , (for w = 1)
e−1L ∝ φ′✷c✷cφ = D2φ′D2φ+ 2Dµφ′
[
2 f(µ
aeν)a − f gµν
]Dνφ , (for w = 0) (1.17)
up to total derivatives. Note that we have made use here of (1.12). Both the above expressions
are symmetric in φ and φ′.
Let us comment on the two Lagrangians (1.17). In both Lagrangians the dependence on bµ
will cancel as a result of the invariance under conformal boosts. In the first Lagrangian one
may then adjust the product φ′φ to a constant by means of a local dilatation. In that case the
second term of the Lagrangian is just proportional to the Ricci scalar, so that one obtains the
Einstein-Hilbert term. The kinetic term for the scalars depends on the choice made for φ′ and φ.
For instance, when the two fields are the same, then φ equals a constant; when they are not the
same (elementary or composite) fields, the kinetic term can be exclusively written in terms of φ
and will be proportional to φ−2
(
∂µφ
)2
. In that case the first Lagrangian describes an elementary
or a composite scalar field coupled to Einstein gravity.
The situation regarding the second Lagrangian is fundamentally different, because one cannot
adjust the scalar fields to any particular value by local dilatations in view of the vanishing Weyl
weight. The scalar fields may be equal to constants (in which case the Lagrangian vanishes) or to
homogeneous functions of other fields such that the combined Weyl weight remains zero, without
affecting the invariance under local dilatations. We should also mention that the operator ✷c✷c
appearing in this Lagrangian, when acting on a scalar field with w = 0, is the same operator ∆0
given in [23] and has an interesting history in its own right.4
4This operator was discovered by Fradkin and Tseytlin in 1981 [23] and re-discovered by Paneitz in 1983 [24].
In the mathematics literature, it is known as the Paneitz operator. The same operator along with the second
Lagrangian in (1.17) was used by Riegert [25] for the purpose of integrating the conformal anomaly. There is a
unique generalization to higher dimensions, see e.g. [26] and references therein.
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It is, of course, possible to construct invariants which also involve the Weyl tensor. For
instance, any scalar field of zero Weyl weight times the square of the Weyl tensor will define a
conformally invariant Lagrangian. But how to include invariants such as the four-dimensional
Gauss-Bonnet term is less obvious. As it turns out, the crucial assumption made in the examples
above is that the scalar fields transform linearly under dilatations. To demonstrate how the
situation changes when this is not the case, let us repeat the previous construction for lnφ, which
transforms inhomogeneously under dilatations, δD lnφ = wΛD. In the same way as above, we
derive the following definitions,
Dµ lnφ =Dµ lnφ = ∂µ lnφ−w bµ ,
DµDa lnφ =DµDa lnφ+ w fµa ,
Dµ✷c lnφ =Dµ✷c lnφ− 2 fµaDa lnφ ,
✷c✷c lnφ =DaDa✷c lnφ+ 2f ✷c lnφ− 2 fµaDµDa lnφ . (1.18)
The equations above show an interesting systematics, namely that, after applying a certain num-
ber of covariant derivatives on lnφ, these expressions take the same form as in (1.15) with w = 0.
However, it is important to realize that the details implicit in the multiple covariant derivatives
will still depend on the characteristic features associated with the logarithm. The same observa-
tion can be made for the K-transformations of multiple derivatives which also transform as if one
were dealing with a w = 0 scalar field,
δKDa lnφ = − wΛKa , δDDa lnφ = ΛDDa lnφ ,
δKDµDa lnφ = −
[
ΛKµDa +ΛKaDµ
]
lnφ+ eµaΛK
bDb lnφ ,
δK✷c lnφ =2ΛK
aDa lnφ ,
δKDµ✷c lnφ = − 2ΛKµ✷c lnφ+ 2ΛKaDµDa lnφ ,
δK✷c✷c lnφ =2ΛK
a
✷cDa lnφ− 2ΛKaDa✷c lnφ = 0 . (1.19)
In four space-time dimensions the only conformally invariant Lagrangian based on the above
expression must be equal to ✷c✷c lnφ, possibly multiplied with a scalar field of zero Weyl weight.
This constitutes the non-linear version of the second Lagrangian in (1.17), namely
√
g φ′✷c✷c lnφ,
where φ has a non-vanishing, but arbitrary Weyl weight w and φ′ has zero Weyl weight. Taking
the explicit form of ✷c✷c lnφ this Lagrangian is given by
√
g φ′✷c✷c lnφ =
√
g φ′
{(D2)2 lnφ− 2Dµ[(2 f(µaeν)a − f gµν)Dν lnφ]
+ w
[D2f + 2 f2 − 2 (fµa)2]}. (1.20)
There are two features to note about this Lagrangian The first is that its dependence on lnφ is
isolated in the first line on the right-hand side, which is a total derivative when φ′ is constant.
In other words, the action is independent of the choice of lnφ when φ′ is constant. The second
feature is that the Lagrangian is K-invariant, so all the bµ terms must drop out. Equivalently,
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one can adopt a K-gauge where bµ = 0. Using (1.10), one finds
D2f + 2 f2 − 2 (fµa)2 = 16D2R− 12RabRab + 16R2 , (1.21)
which is proportional to LNL (c.f. 1.4) up to a total covariant derivative. When combined with
the square of the Weyl tensor with an appropriate relative normalization one obtains the Gauss-
Bonnet invariant up to a total covariant derivative
e−1Lχ =CabcdCabcd + 4w−1✷c✷c lnφ
=CabcdCabcd − 2RabRab + 23R2 + 23D2R
+ 4w−1
{(D2)2 lnφ+Da(23RDa lnφ− 2RabDb lnφ)} , (1.22)
where we have taken the gauge bµ = 0 in the second equality. Discarding the (explicit) total
derivatives, this result reduces to the Euler density. Alternatively the dilatation gauge φ = 1
reduces it to
e−1Lχ =CabcdCabcd − 2RabRab + 23R2 + 23D2R . (1.23)
This differs from the usual Euler density (1.2) by an explicit total derivative. Obviously addi-
tional invariants are obtained by multiplying this result with a w = 0 independent (composite or
elementary) scalar field φ′.
The above relatively simple bosonic Lagrangians indicate how higher-derivative couplings will
be characterized in this paper. As we shall argue in the next section, all these Lagrangians
have an N = 2 supersymmetric counterpart based on chiral superfields. These include the well-
known Lagrangians quadratic in derivatives, the class of higher-derivative Lagrangians discussed
in [15], and a new class of Lagrangians based on
√
g φ′✷c✷c lnφ, where φ
′ and φ are the lowest
components of chiral multiplets with w′ = 0 and w 6= 0. This last class must contain the
N = 2 supersymmetric higher-derivative invariant that was found upon reducing the 5D higher-
derivative invariant coupling to four dimensions [18]. The main purpose of this paper is to study
this new class of invariants.
This paper is organized as follows. In section 2 we explain how to extend the present results
to N = 2 supersymmetry by assigning the various fields to chiral multiplets. This discussion will
be at the level of flat superspace. We introduce the so-called kinetic multiplet, which supersym-
metrizes ✷c✷cφ, and its non-linear version, corresponding to ✷c✷c lnφ. In the subsequent section
3 we extend these results to curved superspace. Then, in section 4, we exhibit the component
structure of the kinetic multiplet, both in the linear and in the non-linear case. Explicit results
are given for a new class of higher-derivative supersymmetric invariants based on the supersym-
metrization of ✷c✷c lnφ. The result here is the direct extension of the result presented in [15]
and it can be used for similar purposes. One application that is typical for this class concerns the
supersymmetric Gauss-Bonnet term. Therefore section 5 deals with a number of characteristic
features of this term. Conclusions and implications of our results are discussed in section 6. A
number of appendices has been included with additional material.
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2 The extension to chiral superfields in flat N=2 superspace
In the introduction we noted the existence of four different types of conformally invariant La-
grangians and we pointed out that those can rather easily be embedded into N = 2 supersym-
metric invariants on the basis of chiral superfields. Just as conformal transformations are an
invariance in flat space-time, defined by a constant vierbein and vanishing connections ωµ
ab, bµ,
fµ
a, superconformal transformations leave a flat superspace invariant. Furthermore, almost every
statement we will make about flat superspace can transparently be lifted to curved superspace
although the required calculations are considerably more involved. Therefore we will first discuss
flat superspace in this section. Since chiral multiplets are intrinsically complex, the superfields
and corresponding invariants involving them are complex as well. We subsequently describe the
systematics of these superfields, discuss the notion of an N = 2 superconformal kinetic multiplet,
and present the four types of invariants. In the next section 3 we will extend this analysis to
curved superspace.
Superfields can be defined as functions of the flat superspace coordinates zA = (xa, θαi, θ¯α˙i).
Here our notation will reflect the fact that in flat superspace world and tangent-space indices can
be identified. The tangent space derivatives are
∂a =
∂
∂xa
, Dαi =
∂
∂θαi
+ i(σa)αα˙ θ¯
α˙
i
∂
∂xa
, D¯α˙i =
∂
∂θ¯α˙i
+ i(σ¯a)α˙α θα
i ∂
∂xa
. (2.1)
In the context of curved superspace, we will be employing a vector tangent-space derivative∇a and
spinor tangent-space derivatives ∇αi and ∇¯α˙i which are the direct extension of the derivatives
in (2.1). We remind the reader that we use two-component spinor notation in the context of
superspace where spinor indices are raised and lowered with the antisymmetric epsilon tensor
(see Appendix A).
Chiral superfields satisfy the differential superspace constraint D¯α˙iΦ = 0. We will denote the
components of a general chiral multiplet Φ by [27, 28],
A := Φ|θ=0 , Ψαi := DαiΦ|θ=0 , Bij := −12DijΦ|θ=0 ,
F−ab := −14(σab)αβDβαΦ|θ=0 , Λαi := 16εjkDαkDjiΦ|θ=0 , C := −2D4Φ|θ=0 , (2.2)
where
Dij := −Dα(iDαj) , Dαβ := −εijD(αiDβ)j . (2.3)
Hence a chiral multiplet comprises a 16 + 16 bosonic and fermionic components, consisting of a
complex scalar A, a chiral spinor doublet Ψi, a complex symmetric scalar Bij , an anti-selfdual
tensor F−ab, a chiral spinor doublet Λi, and a complex scalar C.
Under dilatations and chiral U(1) transformations (with constant parameters ΛD and ΛA in
flat superspace) the superspace coordinates change according to
x′ = exp
[− ΛD]x , θ′ = exp [− 12(ΛD + iΛA)] θ , θ¯′ = exp [− 12(ΛD − iΛA)] θ¯ , (2.4)
8
and superfields Ψ(x, θ, θ¯) are usually assigned to transform as
Ψ′(x′, θ′, θ¯′) = exp
[
wΛD + icΛA
]
Ψ(x, θ, θ¯) , (2.5)
where w and c are called the Weyl and the chiral weight. For chiral multiplets these weights are
related by c = −w. In that case the Weyl weight of A equals w and the highest-θ component
C has weight w + 2. All the components scale homogeneously and since there are no chiral
superfield components with Weyl weight less than w it follows that A must be invariant under
S-supersymmetry. This implies that it is also invariant under K transformations. Such a chiral
superfield is called a conformal primary field. All these properties can be derived systematically
on the basis of the superconformal algebra using the chiral constraint.
Just as in N = 1 superspace one can integrate the product Φ′ Φ¯ of a chiral and an anti-chiral
superfield, respectively, to obtain an expression involving four space-time derivatives (discarding
total derivatives in the equalities),∫
d4θ d4θ¯Φ′ Φ¯ =
∫
d4θΦ′
(
D¯4Φ¯
)
= A′✷✷A¯+ · · · , (2.6)
where D¯4 = 148εikεjl D¯
ij D¯kl and A and A′ are the lowest-θ components of Φ and Φ′, respectively.
Obviously this class of Lagrangians defines a superconformal extension of the second Lagrangian
in (1.17). In order for the action to be superconformally invariant, the chiral superfields Φ and
Φ′ must both have vanishing Weyl weights, implying that A and A′ are scale invariant.
The intermediate equality in (2.6) involves the so-called N = 2 kinetic multiplet T(Φ¯) [28],
conventionally normalized as T(Φ¯) := −2 D¯4Φ¯. When Φ has zero Weyl weight the highest-
θ component of the chiral superfield Φ, denoted by C, is S-supersymmetric. Since C¯ equals
the lowest-θ component of T(Φ¯), the kinetic multiplet is therefored a conformal primary chiral
superfield. The kinetic multiplet itself thus has Weyl weight w = 2.5 Its flat-space components
are
A|T(Φ¯) = C¯ , Ψi|T(Φ¯) = −2 εij /∂Λj ,
Bij |T(Φ¯) = −2 εikεjl✷Bkl , F−ab|T(Φ¯) = −4
(
δa
[cδb
d] − 12εabcd
)
∂c∂
eF+ed ,
Λi|T(Φ¯) = 2✷ /∂Ψjεij , C|T(Φ¯) = 4✷✷A¯ . (2.7)
They transform as a chiral multiplet, while depending on the components of the anti-chiral
multiplet Φ¯.
An obvious question concerns the derivation of the supersymmetric extension of the first
Lagrangian in (1.17), which is only quadratic in space-time derivatives. As it turns out this La-
grangian is associated with a reduced chiral superfield X . Besides the chiral constraint, reduced
superfields obey the additional constraint DijX = εikεjl D¯klX¯ that halves the number of indepen-
dent field components by expressing the higher-θ components in terms of space-time derivatives
5Some of these properties will be more obvious once we present the general transformation rules under Q- and
S-supersymmetry for a generic chiral multiplet of arbitrary Weyl weight. Those will be given in (4.1) for a general
curved superspace.
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of the lower-θ components. The independent components of the reduced chiral superfield are a
complex scalar X, a chiral spinor doublet Ωαi, an anti-selfdual tensor F
−
ab and a triplet of auxiliary
fields Yij, conventionally normalized as
X := A|X , Ωαi := Ψαi|X , F−ab := F−ab|X , Yij := Bij|X , (2.8)
using the definitions for the components of a chiral multiplet. The reducibility constraint on the
superfield X requires that Yij is real, (Yij)∗ = Y ij = εikεjl Ykl, whereas the tensor obeys a Bianchi
identity implying that Fab = F
−
ab + F
+
ab equals Fab = 2ea
µeb
ν ∂[µWν] where Wµ is a vector gauge
field. Therefore this multiplet is known as the vector multiplet. It comprises 8 + 8 bosonic and
fermionic components. In view of the reducibility constraint the vector multiplet carries Weyl
weight w = 1. It is now straightforward to verify that
1
2
∫
d4θX 2 = X✷X¯ + · · · , (2.9)
where the D’Alembertian arises from the fact that the chiral superfield is reduced. This example
demonstrates how supersymmetric versions of actions such as the first one in (1.17) arise in the
context of N = 2 chiral superspace.
Incorporating the third type of Lagrangian (1.20) in the context of chiral multiplets seems
rather obvious. Taking Φ¯ to be an anti-chiral multiplet of weight w, we consider the chiral integral∫
d4θΦ′
(
D¯4 ln Φ¯
)
= A′✷✷ ln A¯+ · · · , (2.10)
where Φ′ is a w = 0 chiral superfield and A′ denotes its lowest component. Naively, this resem-
bles the previous action (2.6), but there is a crucial difference: the anti-chiral multiplet Φ¯ has
arbitrary Weyl weight w and so ln Φ¯ transforms non-linearly under dilatations. Remarkably, the
corresponding kinetic multiplet T(ln Φ¯) := −2 D¯4 ln Φ¯ is nevertheless a conformal primary chiral
multiplet in flat superspace.6 In other words, it transforms linearly under dilatations with w = 2
and its lowest component is invariant under S-supersymmetry.
We should stress that the non-linearities in T(ln Φ¯) are of two different types. First of all, the
logarithm leads to an anti-chiral superfield that will depend non-linearly on the components of
Φ¯. Because of this behaviour, the superconformal transformations will also be realized in a non-
linear fashion, and as a result the covariantizations that are required in curved superspace will
involve non-linearities depending on the Weyl weight w. In spite of all these complications, there
is a rather systematic way of writing the various components of T(ln Φ¯), although the various
explicit expressions tend to become rather complicated, expecially because they involve higher
space-time derivatives. These non-linearities are the reason why the kinetic multiplet T(ln Φ¯)
differs in a crucial way from the original one T(Φ¯).
6The multiplet T(ln X¯ )/X 2 was considered in [9] with X a reduced chiral superfield, and shown to be a w = 0
conformal primary. The extension of that analysis to T(ln Φ¯) for an arbitrary anti-chiral multiplet Φ¯ is completely
straightforward.
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As a first step in constructing the components of T(ln Φ¯), we must replace the components
of Φ¯ in (2.7) with those of ln Φ¯. This will simply involve replacing A¯ → A¯|ln Φ¯, . . . , C¯ → C¯|ln Φ¯,
where the components of the multiplet lnΦ are identified as
A|lnΦ = lnA , Ψi|lnΦ = Ψi
A
,
Bij|lnΦ = Bij
A
+
1
2A2
Ψ¯(iΨj) , F
−
ab|lnΦ =
F−ab
A
+
1
8A2
εijΨ¯iγabΨj ,
Λi|lnΦ = Λi
A
+
1
2A2
(
Bijε
jkΨk +
1
2 F
−
abγ
abΨi
)
+
1
24A3
γabΨiε
jkΨ¯jγabΨk ,
C|lnΦ = C
A
+
1
4A2
(
εikεjlBijBkl − 2F−abF−ab + 4εij Λ¯iΨj
)
+
1
2A3
(
εikεjlBijΨ¯kΨl − 12εklF−abΨ¯k γabΨl
)− 1
32A4
εijΨ¯i γabΨjε
klΨ¯kγ
abΨl . (2.11)
When the chiral superfield Φ has zero Weyl weight, the logarithm is merely a field redefinition in
superspace, which has no direct consequences. However, in the superconformal setting that we
are considering, this is no longer the case for non-zero Weyl weight and the two chiral multiplets Φ
and lnΦ are very different. In particular lnΦ does not satisfy the assignment (2.5) as it transforms
inhomogeneously under (constant) dilatations and chiral U(1) transformations,
δA|ln Φ = w
(
ΛD − iΛA
)
. (2.12)
There are further inhomogeneous transformations, such as S-supersymmetry that acts inhomo-
geneously on Ψi|lnΦ. However, the higher-θ components all scale consistently as if they belong
to a w = 0 chiral multiplet. In flat superspace this phenomenon also extends to the Q- and S-
supersymmetry transformations, although, as we shall see later, there are some minor exceptions
in curved superspace. The explicit components in T(ln Φ¯) will take a rather different form than
in T(Φ¯), but much of the global structure of T(ln Φ¯) will still match that of T(Φ¯). In particular,
the highest θ-component, C|lnΦ will remain invariant under S-supersymmetry, irrespective of the
value of the Weyl weight of Φ. As explained earlier, the latter implies that the kinetic multiplet
T(ln Φ¯), defined from a generic chiral multiplet Φ of arbitrary Weyl weight w, will constitute a
conformal primary w = 2 chiral multiplet. This observation is essential as it forms the basis for
the approach followed in this paper. We will be more explicit in section 4.
The last quantity of interest is the Weyl tensor, which turns out to be one of the components
of the Weyl multiplet. This multiplet is a reduced chiral tensor superfield Wαβ, symmetric in
(αβ) with Weyl weight w = 1. It obeys the constraint DαβWαβ = D¯α˙β˙W¯
α˙β˙, which reduces it to
24 + 24 degrees of freedom. Those are captured by the field strengths for the independent gauge
fields, namely the vierbein eµ
a, the doublet of gravitini ψµ
i, the gauge fields of the SU(2)×U(1)
R-symmetry, Vµij and Aµ, as well as three matter fields, an anti-selfdual tensor Tabij, a chiral
spinor doublet χi, and a scalar D. Its lowest independent components are given by
Wαβ|θ=0 = −18(σab)αβ Tabijεij , DγjWαβ |θ=0 = −εjk (σab)αβ R(Q)ab γk ,
DijWαβ|θ=0 = 2 εik(σab)αβ R(V)abkj , DγδWαβ |θ=0 = 2 (σab)αβ (σcd)γδ R(M)abcd , (2.13)
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where R(Q), R(V) and R(M) are the (linearized) curvatures of conformal supergravity. The
usual Weyl tensor as well as the field D are contained within R(M), while χi is contained within
R(Q)i. The chiral superspace integral of the square of Wαβ contains therefore the square of
the anti-selfdual component of the Weyl tensor. At the linearized level, we can work with flat
superspace, and we find
L−W = −
∫
d4θWαβW
αβ = Cabcd−C−abcd + · · · . (2.14)
From these results we can now define characteristic terms of the (linearized and complex) expres-
sion for the Gauss-Bonnet density in flat superspace,
L−χ = −
∫
d4θ
{
Wαβ W
αβ + w−1 T(ln Φ¯)
}
= 12C
abcdCabcd − 12CabcdC˜abcd + 2w−1✷✷ ln A¯+ · · · , (2.15)
where the additional terms depend on the remaining components of the linearized Weyl multiplet.
These observations are in principle restricted to flat superspace and to the linearized Weyl
multiplet action. Nevertheless, all of the Lagrangians above exist in curved superspace. At the
component level, this is due to the existence of an off-shell conformal supergravity multiplet
which can be used to extend the global supersymmetry algebra to a local one and impose it on
the matter multiplets. Of particular use is the chiral density formula (whose explicit form we give
in the next section), which allows the construction of a locally supersymmetric invariant from a
generic weight-two chiral multiplet, analogous to chiral superspace integrals. The full Lagrangian
corresponding to the Weyl multiplet action (2.14), given long ago in [12], falls into this class,
as does the action (2.6) built upon the kinetic multiplet T(Φ¯), whose locally supersymmetric
version was shown to be a conformal primary chiral multiplet in [15]. For the more complicated
Lagrangian (2.10), the key property to determine is similarly whether T(ln Φ¯) similarly exists as
a proper chiral multiplet; once that is established, the locally supersymmetric extension follows.
One can then, as a simple application, construct the N = 2 Gauss-Bonnet invariant using the
non-linear version of (2.15), which we can immediately deduce must look like
e−1L−χ = 12CabcdCabcd − 12CabcdC˜abcd + 2w−1✷c✷c ln A¯+ · · ·
= 12C
abcdCabcd − 12CabcdC˜abcd −RabRab + 13R2 + 13D2R
+ 2w−1
{
(D2)2 ln A¯+Da(23RDa ln A¯− 2RabDb ln A¯)}+ · · · (2.16)
where the missing terms depend on the rest of the Weyl and chiral multiplets.
To extend flat superspace to curved superspace has the advantage that local supersymmetry
will be manifest from the start. A consistent definition of curved superspace requires a suitable
structure group and corresponding constraints on the superspace geometry. Subsequently one
can replace the flat spinor derivatives Dαi by curved tangent space derivatives ∇αi in the explicit
superspace actions as well as in the definitions of the superfield components and the superfield
constraints; these curved derivatives contain the relevant connection fields whereas the gravitino
12
fields are introduced as fermionic components of the superspace vielbein. The superspace formu-
lation that is used here [1] shares the same structure group with the conformal multiplet calculus,
encompassing it in a more geometric setting.
3 Curved superspace, chiral superfields and the kinetic multiplet
In this section we first introduce the extension of flat superspace to the N = 2 conformal super-
space [1], which is closely related to the N = 2 superconformal multiplet calculus.7 Subsequently,
we will discuss the chiral multiplet Lagrangians and the kinetic multiplet in curved superspace.
3.1 Some details of curved superspace
Our starting point is a supermanifold parametrized by local coordinates zM = (xµ, θm ı, θ¯m˙ ı).
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The coordinates xµ parametrize the bosonic part of the manifold while the eight Grassmann
(anticommuting) coordinates θm ı and θ¯m˙ ı, with m = 1, 2, m˙ = 1˙, 2˙ and ı = 1, 2, are associated with
the eight supersymmetries. In addition to (super)diffeomorphisms, we equip the superspace with
the following symmetry generators: Lorentz transformations, Mab; Weyl dilatations, D; chiral
U(1) rotations, A; SU(2) transformations, Iij; special conformal transformations, Ka; and the S-
supersymmetries, Sα
i and S¯α˙i. We introduce a connection associated with each of these: the spin
connection ΩM
ab; the dilatation connection BM ; the U(1) and SU(2) connections AM and VMij ;
and the K and S-supersymmetry connections FM
a, ΦM
α
i and Φ¯Mα˙
i. In addition, we introduce
the superspace vielbein EM
A, which relates the world index M to the tangent space index A. In
terms of the connections, we can construct the covariant derivative∇A = (∇a,∇αi, ∇¯α˙i) implicitly
via the equation
EM
A∇A = ∂M − 12ΩMabMab −BMD−AMA− 12VMij Iji
− 12ΦMαi Sαi − 12 Φ¯Mα˙i S¯α˙i − FMaKa , (3.1)
from which ∇A can be solved using the inverse vielbein EAM . The supergravity gauge group
consists of covariant diffeomorphisms generated by ∇A and the additional superconformal gauge
transformations. A covariant (scalar) superfield Ψ(x, θ, θ¯) transforms as
δΨ =
(
ξA∇A + 12ΛabMab + ΛDD+ΛAA+ 12Λij Iji + ηαiSαi + η¯α˙iS¯α˙i + ΛKaKa
)
Ψ , (3.2)
without any derivative on the parameters. Ψ has Weyl weight w and chiral weight c if DΨ = wΨ
and AΨ = icΨ. Note that the space-time diffeomorphisms and the Q-supersymmetry transfor-
mations comprise the superspace diffeomorphisms generated by ξA∇A.
7This is not the only way to formulate conformal supergravity in superspace. The most well-known formulations
involve either the structure group SO(3, 1) × U(2) [29], or the simpler structure group SO(3, 1) × SU(2) [5]. Both
realize the superconformal symmetries as a super-Weyl transformation, so the connection with superconformal
multiplet calculus is less direct. The relation between the two is spelled out in [6], and their relation to conformal
superspace is described in [1].
8The index ı on the Grassmann coordinates is a world index rather than a tangent space SU(2) index.
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Just as in flat superspace, invariant actions are constructed in two ways. A full superspace
integral involves an integral over the eight Grassmann coordinates of some superspace Lagrangian,
which we denote using the symbol L (to distinguish it from a component Lagrangian L),∫
d4xd4θ d4θ¯ E L . (3.3)
The measure factor E = Ber(EM
A) is the Berezinian (or superdeterminant) of the superspace
vielbein and plays the same role as the vierbein determinant e on a bosonic manifold. In order
for the action to be invariant under the supergravity gauge group, the superspace Lagrangian L
must be a conformal primary scalar with Weyl and chiral weight zero.
A chiral superspace integral can be written as∫
d4xd4θ ELch , (3.4)
where E is the appropriate chiral measure and the Lagrangian Lch must be covariantly chiral
(i.e. subject to ∇¯α˙iLch = 0) and a conformal primary with Weyl weight 2 and chiral weight −2.
Generally, any integral over the full superspace can be rewritten (up to a total derivative) as an
integral over chiral superspace,∫
d4xd4θ d4θ¯ E L =
∫
d4xd4θ E ∇¯4L (3.5)
using the chiral projection operator ∇¯4,
∇¯4 = 148εikεjl∇¯kl∇¯ij , ∇¯ij := ∇¯α˙(i∇¯α˙j) . (3.6)
This is a non-trivial statement in curved superspace: one must check that ∇¯4L is indeed chiral
and annihilated by S-supersymmetry.
One must have a method to relate superspace integrals to the usual integrals over the bosonic
manifold. Performing the θ integrals in (3.4) leads to [1]∫
d4xd4θ E Lch =
∫
d4xLch (3.7)
where, in two-component notation,
e−1Lch =
[
∇4Lch − 112 i εikεjl (ψ¯µi σ¯µ)α(∇αj∇klLch)− 12 i εijψ¯µ γ˙i W¯ γ˙ β˙ (σ¯µ)β˙α(∇αj Lch)
+ W¯ α˙β˙W¯α˙β˙ Lch +
1
4ε
ikεjl (ψ¯µiσ¯
µν ψ¯νj) (∇klLch)
+ εij(ψ¯µiψ¯νj)
(
1
8(σ
µν)α
β (∇βαLch) + (σ¯µν)α˙β˙W¯ β˙ α˙ Lch
)
+ 14e
−1εµνρτ εijεkl(ψ¯µiψ¯νj)
(
i(ψ¯ρ kσ¯τ )
α(∇αlLch) + (ψ¯ρkψ¯τl)Lch
)]
θ=0
. (3.8)
Provided one defines the components of the chiral multiplet Lch as in (2.2), replacing Dαi with
∇αi, one recovers the usual chiral density rule of the conformal multiplet calculus [27], but now
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in four-component form, 9
−2 e−1Lch =C − εij ψ¯µiγµΛj − 18 εijεkl ψ¯µiTab jkγabγµΨl − 116 (Tab ijεij)2A
− 12 εikεjl ψ¯µiγµνψνj Bkl + εijψ¯µiψνj(F−µν − 12AT µνkl εkl)
− 12e−1εµνρσ εijεklψ¯µiψνj(ψ¯ρkγσΨl + ψ¯ρkψσj A) . (3.9)
For further details of the superspace geometry, we refer to Appendix C.
3.2 Chiral multiplet actions and the kinetic multiplet in curved superspace
In section 2, we discussed four types of actions which could be written down in flat superspace.
Each has a straightforward extension to curved superspace. If we restrict ourselves to pure
conformal supergravity without additional matter multiplets, there is only a single possible action
given by the chiral superspace integral∫
d4xd4θ EWαβWαβ , (3.10)
which we have already discussed at the linearized level in (2.14).
The remaining actions that we discussed in section 2 require general chiral multiplets and
vector multiplets, which are contained respectively in chiral and reduced chiral superfields. To
couple these to conformal supergravity in superspace requires merely the covariantization of the
chiral constraint and the reducibility constraint, respectively.
The simplest action we discussed was the vector multiplet action (2.9), whose curved gener-
alization reads simply
1
2
∫
d4xd4θ E X 2 . (3.11)
Its component expression was given in [27] using the superconformal multiplet calculus. However,
our focus will be on the curved superspace generalizations of the actions (2.6) and (2.10).
Let us begin with (2.6). It generalizes to curved superspace in a completely straightforward
manner: ∫
d4xd4θ d4θ¯ E Φ′Φ¯ =
∫
d4xd4θ E Φ′∇¯4Φ¯ . (3.12)
We have emphasized that the same action can be written using (3.5) as a chiral integral of the
product of Φ′ and the kinetic multiplet T(Φ¯). At the component level, the Lagrangian is the
supersymmetrization of A′✷c✷cA¯ and was analyzed in [15]. This class of higher derivative action
admits an obvious generalization in the presence of several chiral multiplets ΦI with weights wI .
Introducing a homogeneous function H(Φ, Φ¯) of weight zero,∑
I
wIΦ
IHI = 0 , (3.13)
9This version of the chiral density formula differs by an overall factor of − 1
2
from the usual one [27]. This arises
as a result of the normalization of the component C of the chiral multiplet, or equivalently, a different definition of
the superspace measure.
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where HI := ∂H/∂ΦI , one can construct a higher derivative action by integrating H over the full
superspace,10 ∫
d4xd4θ d4θ¯ EH . (3.14)
By virtue of the formula (3.5) and its complex conjugate, one can show that the action is invariant
under the Ka¨hler-like transformations
H → H + Λ(Φ) + Λ¯(Φ¯) (3.15)
where the holomorphic function Λ(Φ) must similarly be homogeneous. It follows that the com-
ponent action will depend only on the Ka¨hler metric HIJ¯ , which is subject to the homogeneity
condition
∑
I
wIΦ
IHIJ¯ = 0 . (3.16)
The locally supersymmetric version was analyzed in [15], with particular attention paid to the
special case where the chiral multiplets were vector multiplets X I with w = 1 or the Weyl-squared
chiral multiplet WαβWαβ with w = 2. This class can be broadened further while maintaining the
Ka¨hler structure by considering the chiral multiplets ΦI to be themselves composite in various
ways.
It was noted in [15] that a broad class of higher derivative chiral superspace integrals lift
naturally to full superspace integrals involving functions H by stripping away an operator ∇¯4 as
in (3.12). However, it turns out that the curved version of the action (2.10),∫
d4xd4θ E Φ′∇¯4 ln Φ¯ , (3.17)
where Φ′ has weight w′ = 0 and Φ has nonzero weight w, does not belong to this class. At first
glance, a naive application of (3.5) would seem to indicate∫
d4xd4θ E Φ′∇¯4 ln Φ¯ ?=
∫
d4xd4θ d4θ¯ E Φ′ ln Φ¯ (3.18)
with the full superspace Lagrangian falling into the class of generic function H already considered.
However, the proposed Lagrangian H = Φ′ ln Φ¯ transforms inhomogeneously under dilatations
and so is not permissible; in other words, H does not obey the homogeneity conditions (3.13) or
(3.16).11 Nevertheless, the left-hand side of (3.18) does transform appropriately. This is because
the kinetic multiplet T(ln Φ¯) is a conformal primary chiral multiplet of weight w = 2, obeying
∇¯α˙iT(ln Φ¯) = 0 , SαiT(ln Φ¯) = S¯α˙iT(ln Φ¯) = 0 . (3.19)
10Similar structures were considered in the context of low-energy effective actions in flat space [7, 8, 9, 10, 11].
11This obstruction is specific for curved superspace. For flat superspace, H must be homogeneous only up to
Ka¨hler transformations; see e.g. [9] where such actions were considered.
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Both conditions are straightforward enough to check, although they require some SU(2) index
gymnastics.12 Now by comparing to the flat space limit, it is obvious that∫
d4xd4θ E Φ′ ∇¯4 ln Φ¯ =
∫
d4x eA′✷c✷c ln A¯+ additional terms . (3.20)
The complete expression, which we will present in this paper, corresponds to a new chiral super-
symmetric invariant.
This invariant has already appeared in physical applications. In [18], the 5D mixed gauge-
gravitational Chern-Simons invariant [19] was dimensionally reduced, and a characteristic subset
of 4D terms was obtained which broke down into three classes. The first class was easily identified
as the usual chiral superspace integral of a holomorphic function. Another class seemed to coincide
with the full superspace integral of a real function H ∼ Φ′ ln Φ¯ + h.c., while the remainder,
involving terms of the Gauss-Bonnet variety, could not be identified with any currently known
invariant. It is clear to us now that these latter two classes of terms are actually contained within
the single invariant (3.20), which is intrinsically chiral and cannot be decomposed further in a
manifestly superconformal way.
Before setting out to calculate the expression (3.20) explicitly, we should make an important
observation. In the introduction, we noted that the non-linear Lagrangian (1.20) with φ′ constant,
must depend on the field ln φ¯ only via total derivative terms. We expect the same should hold
for its supersymmetrized version, namely that when Φ′ is constant in (3.20) the dependence on
lnΦ is only in the form of total-derivative terms. To see this, suppose we have two such kinetic
multiplets built out of the logarithm of two different anti-chiral superfields Φ¯1 and Φ¯2, taken to
have the same weight w for simplicity. The difference is obviously
∇¯4 ln Φ¯1 − ∇¯4 ln Φ¯2 = ∇¯4 ln(Φ¯1/Φ¯2) , (3.21)
and the quantity under the spinor derivatives on the right-hand side is actually a proper weight-
zero multiplet. It follows that any chiral integrand involving such a difference can be written as a
full superspace integral and then as an anti-chiral superspace integral, discarding total derivatives
in the equalities. Hence,∫
d4xd4θ E Φ′ ∇¯4 ln(Φ¯1/Φ¯2) =
∫
d4xd4θ d4θ¯ E Φ′ ln(Φ¯1/Φ¯2)
=
∫
d4xd4θ¯ E¯ (∇4Φ′) ln(Φ¯1/Φ¯2) . (3.22)
Taking the weight-zero chiral superfield Φ′ to be actually constant, it follows that the right-hand
side of (3.22) vanishes and therefore∫
d4xd4θ E ∇¯4 ln Φ¯1 =
∫
d4xd4θ E ∇¯4 ln Φ¯2 . (3.23)
12The key idea for the first condition is that there are only four anti-commuting ∇¯α˙i derivatives, so a product of
five of them must vanish (up to curvatures, which contribute nothing in this case). The next condition, that it is
annihilated by Sα
i, is easy enough as that operator anti-commutes with ∇¯α˙i; checking the last condition, that S¯α˙i
similarly gives zero, is a minor exercise using the algebra of the operators given in Appendix C.
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In other words, the integral
∫
d4xd4θ E ∇¯4 ln Φ¯ is independent of the components of ln Φ¯ up to
total derivatives. This observation will be an important check that we have correctly calculated
the additional terms in (3.20). It is to this task which we now turn.
4 The component structure of the kinetic multiplet
In this section, we proceed to construct the kinetic multiplet T(ln Φ¯) in supergravity along
with the corresponding Lagrangian (2.10). The starting point is the formula for the Q- and
S-supersymmetry transformations of a general N = 2 chiral multiplet Φ with Weyl weight w in
four-component notation [27, 28, 15],
δA = ǫ¯iΨi ,
δΨi =2 /DAǫi +Bij ǫ
j + 12γ
abF−ab εijǫ
j + 2wAηi ,
δBij =2 ǫ¯(i /DΨj) − 2 ǫ¯kΛ(i εj)k + 2(1− w) η¯(iΨj) ,
δF−ab =
1
2ε
ij ǫ¯i /DγabΨj +
1
2 ǫ¯
iγabΛi − 12(1 + w) εij η¯iγabΨj ,
δΛi = − 12γab /DF−abǫi − /DBijεjkǫk + Cεij ǫj + 14
(
/DAγabTabij + wA /Dγ
abTabij
)
εjkǫk
− 3 γaεjkǫk χ¯[iγaΨj] − (1 + w)Bijεjk ηk + 12(1− w) γab F−abηi ,
δC = − 2 εij ǫ¯i /DΛj − 6 ǫ¯iχj εikεjlBkl
− 14εijεkl
(
(w − 1) ǫ¯iγab /DTabjkΨl + ǫ¯iγabTabjk /DΨl
)
+ 2wεij η¯iΛj . (4.1)
In this convention the spinors ǫi and ηi are the positive chirality spinorial parameters associated
with Q- and S-supersymmetry. The corresponding negative chirality parameters are denoted by
ǫi and η
i. (In two-component form, the positive chirality spinors would be denoted by ǫα
i and
ηαi, and the negative chirality spinors by ǫ¯
α˙
i and η¯
α˙i.)
One can see from (4.1) that the highest component C of a w = 0 chiral multiplet is anti-chiral
and invariant under S-supersymmetry. This observation allows the construction of the chiral
w = 2 kinetic multiplet T(Φ¯) whose lowest component is C¯. Although such an analysis was car-
ried out in components in [15] by consecutively considering supersymmetry transformations and
identifying the higher-theta components, it could just as easily be carried through in superspace.
The starting point is to take T(Φ¯) := −2∇¯4Φ¯ and to identify its components using the curved
superspace version of (2.2),
A|T(Φ¯) := −2∇¯4Φ¯|θ=0 , Ψαi|T(Φ¯) := −2∇αi∇¯4Φ¯|θ=0 ,
Bij|T(Φ¯) := ∇ij∇¯4Φ¯|θ=0 , F−ab|T(Φ¯) := 12(σab)αβ∇βα∇¯4Φ¯|θ=0 ,
Λαi|T(Φ¯) := −13εjk∇αk∇ji∇¯4Φ¯|θ=0 , C|T(Φ¯) := 4∇4∇¯4Φ¯|θ=0 . (4.2)
Since Φ¯ is anti-chiral, each of these components may be evaluated in the usual superspace fashion:
(anti)commute each∇αi past the other covariant derivatives until they annihilate Φ¯. The resulting
expression should be rearranged (using the superspace commutation relations) so that all the
spinor derivatives ∇¯α˙i act directly upon Φ¯. The calculation is straightforward, although more
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and more complicated as the number of spinor derivatives increases; for such calculations, the
(anti)-commutation relations given in Appendix C are necessary.
Now we wish to construct the non-linear version of the kinetic multiplet, T(ln Φ¯). As we
have already alluded to in section 2, we will choose to define the components of lnΦ using
(2.11), which coincides with using the curved superspace version of (2.2) with Φ replaced by lnΦ.
It is straightforward to determine the Q- and S-supersymmetry transformation rules of these
components
δAˆ = ǫ¯iΨˆi ,
δΨˆi =2 /DAˆǫi + Bˆij ǫ
j + 12γ
abFˆ−ab εijǫ
j + 2w ηi ,
δBˆij =2 ǫ¯(i /DΨˆj) − 2 ǫ¯kΛˆ(i εj)k + 2 η¯(iΨˆj) ,
δFˆ−ab =
1
2ε
ij ǫ¯i /DγabΨˆj +
1
2 ǫ¯
iγabΛˆi − 12 εij η¯iγabΨˆj ,
δΛˆi = − 12γab /DFˆ−abǫi − /DBˆijεjkǫk + Cˆεij ǫj + 14
(
/DAˆ γabTabij + w /Dγ
abTabij
)
εjkǫk
− 3 γaεjkǫk χ¯[iγaΨˆj] − Bˆijεjk ηk + 12 γab Fˆ−abηi ,
δCˆ = − 2 εij ǫ¯i /DΛˆj − 6 ǫ¯iχj εikεjlBˆkl + 14εijεkl
(
ǫ¯iγ
ab /DTabjkΨˆl − ǫ¯iγabTabjk /DΨˆl
)
. (4.3)
Comparing these transformation laws to those in (4.1), one notes the appearance of non-linearities
involving the weight w. Every term is linear in the components of Φˆ = lnΦ except for the terms
proportional to w, which are independent of lnΦ. As discussed earlier, this arises ultimately from
the inhomogeneous transformation of lnΦ under dilatations. Note, however, that the covariant
derivatives in (4.3) do also depend on the Weyl weight and therefore contain similar terms. For
instance, consider the transformation (2.12), which obviously requires a term −w(bµ − iAµ) in
the covariant derivative DµAˆ which no longer depends on lnΦ.
As mentioned in section 2, the highest component Cˆ of lnΦ is a weight 2 conformal primary
and (anti)chiral under Q-supersymmetry. This means we may use ˆ¯C as the lowest component of
a chiral multiplet, which will be the kinetic multiplet T(ln Φ¯). Within superspace, we can define
its components exactly as in (4.2), with Φ¯ replaced by ln Φ¯, and the subsequent computational
steps are as outlined above, except for the generation of terms involving w.
An alternative procedure is to begin with the condition A|
T(ln Φ¯) =
ˆ¯C and derive Ψi|T(ln Φ¯)
by applying a Q-supersymmetry transformation to both sides. Continuing in this way, one can
build up the entire multiplet. This was the procedure that was originally applied to the linear
kinetic multiplet T(Φ¯) in [15], but which is now considerably more involved. A convenient way
of applying the same strategy is to focus only on the w-dependent terms by unpackaging the full
covariant derivatives. Although this sacrifices manifest covariance, it exploits the high degree of
overlap between T(ln Φ¯) and the kinetic multiplet T(Φ¯) studied in [15].
We have followed both lines of approach and confirmed agreement between them, up to the
fermionic terms in C|
T(ln Φ¯); these have passed other non-trivial checks using S-supersymmetry.
The result is (in four component notation),
A|
T(ln Φ¯) =
ˆ¯C ,
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Ψi|T(ln Φ¯) = − 2 εij /DΛˆj − 6 εikεjlχjBˆkl − 14εijεkl γabTabjk
↔
/D Ψˆl ,
Bij|T(ln Φ¯) = − 2 εikεjl
(
✷c + 3D
)
Bˆkl − 2 Fˆ+ab R(V)ab ki εjk
− 6 εk(i χ¯j)Λˆk + 3 εikεjl ˆ¯Ψ(k /Dχl) ,
F−ab|T(ln Φ¯) = −
(
δa
[cδb
d] − 12εabcd
)[
4DcD
eFˆ+ed + (D
e ˆ¯ADcTde
ij +Dc
ˆ¯ADeTed
ij)εij − wDcDeTedijεij
]
+✷c
ˆ¯ATab
ijεij −R(V)−abik Bˆjk εij + 18Tabij TcdijFˆ+cd − εkl ˆ¯Ψk
↔
/D R(Q)ab
l
− 94εij ˆ¯ΨiγcγabDcχj + 3 εij χ¯iγab /DΨˆj + 38Tabijεijχ¯kΨˆk ,
Λi|T(ln Φ¯) =2✷c /DΨˆjεij + 14γcγab(2DcT abij Λˆj + T abij DcΛˆj)
− 12εij
(
R(V)abjk + 2iR(A)abδjk
)
γcγabDcΨˆ
k
+ 12 εij
(
3DbD − 4iDaR(A)ab + 14Tbcij
↔
Da T
ac
ij
)
γbΨˆj
− 2 Fˆ+ab /DR(Q)abi + 6 εijD /DΨˆj
+ 3 εij
(
/Dχk Bˆ
kj + /D ˆ¯A /Dχj
)
+ 32
(
2 /DBˆkjεik + /DFˆ
+
abγ
ab δji +
1
4εklTab
kl γab /D ˆ¯Aδi
j
)
χj
+ 94 (χ¯
lγaχl) εijγ
aΨˆj − 92 (χ¯iγaχk) εklγaΨˆl
− 32w εjkDaTabjkγbχi ,
C|
T(ln Φ¯) =4(✷c + 3D)✷c
ˆ¯A+ 6(DaD)D
a ˆ¯A− 16Da
(
R(D)+abD
b ˆ¯A
)
−Da(TabijT cbijDc ˆ¯A)− 12Da(TabijT cbij)Dc ˆ¯A− 9 χ¯jγaχj Da ˆ¯A
+ 12DaD
a(TbcijFˆ
bc+)εij + 4εijDa
(
DbTbcijFˆ
ac+ +DbFˆ+bcT
ac
ij
)
− 92εjkχ¯jγabχkFˆ+ab + 9χ¯jχkBˆjk + 116(Tabijεij)2 ˆ¯C
+ 6DaDaχ¯jΨˆ
j + 3χ¯j /D /DΨˆ
j + 3Da(χ¯jγ
a /DΨˆj) + 9Dχ¯jΨˆ
j
− 8DaR¯(Q)abjDbΨˆj + 6Dbχ¯jγb /DΨˆj
+ 32D
aTabij χ¯
iγbΨˆj + 3Da(Tabij χ¯
iγbΨˆj) + 32D
a(Tabij χ¯
i)γbΨˆj
+ 3
(
1
2R(V)+abij −R(D)+abδij
)
χ¯iγ
abΨˆj − 2R(V)+abijR¯(Q)abiΨˆj − 12T abijR¯(S)+abiΨˆj
+ 18ε
ijTabij
(
3χ¯kγ
abΛˆk + 2R¯(Q)abk Λˆ
k
)
+ w
{
9χ¯j /Dχ
j −R(V)+abijR(V)ab+j i − 8R(D)+abR(D)ab+
−DaTabijDcT cbij −Da(TabijDcT cbij)
}
. (4.4)
The result agrees with the corresponding expressions for the usual kinetic multiplet discussed
in [15] by taking w = 0. In this limit, the superfield ln Φ¯ becomes a normal w = 0 anti-chiral
multiplet with T(ln Φ¯) its associated kinetic multiplet.
Now we can calculate the component Lagrangian L corresponding to the action
−2
∫
d4xd4θ E Φ′ T(ln Φ¯) . (4.5)
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This is a straightforward application of (3.9) and the product rule, (C.1) of [15], or, equiva-
lently, the direct application of (3.8). We will ignore all fermions, which significantly simplifies
the resulting expression. Expanding out the covariant d’Alembertians using, for example, the
expression for fµ
a given in (B.6) leads to
C|T(ln Φ¯) =DaV a + 116(Tab ijεij)2 ˆ¯C
+ w
{− 2RabRab + 23R2 − 6D2 + 2R(A)abR(A)ab −R(V)+abijR(V)ab+ji
+ 1128T
abijTab
klT cdijTcdkl + T
acijDaD
bTbcij
}
, (4.6)
where V a is given by
V a =4DaD2 ˆ¯A− 8RabDb ˆ¯A+ 83RDa ˆ¯A+ 8DDa ˆ¯A− 8iR(A)abDb ˆ¯A
− 2T acijTbcijDb ˆ¯A+ 12εijDaTbcijFˆ bc+ + 4 εijT acijDbFˆ+bc
+ w
{
2
3DaR− 4DaD −Db(T acijTbcij)
}
. (4.7)
Here the derivatives Da are covariant with respect to the linearly acting bosonic transformations.
Hence they do not contain the connection field or the conformal boosts fµ
a. Note that we have
kept the K-connection fµ
a within the fully covariant derivatives in the last term of (4.6) for later
convenience, but there is no obstacle in extracting it here as well.
Performing a similar decomposition in Bij |T(ln Φ¯) and F−ab|T(ln Φ¯) and dropping a number of
total derivatives, we find
e−1L =4D2A′D2 ˆ¯A+ 8DaA′ [Rab − 13R ηab]Db ˆ¯A+ C ′ ˆ¯C
−DµB′ij DµBˆij + (16R+ 2D)B′ijBˆij
− [εik B′ij Fˆ+µν R(V)µν jk + εik Bˆij F ′−µνR(V)µνjk]
− 8DDµA′Dµ ˆ¯A+
(
8 iR(A)µν + 2Tµ
cij Tνcij
)DµA′Dν ˆ¯A
− [εijDµTbcijDµA′ Fˆ+bc + εijDµTbcijDµ ˆ¯AF ′−bc]
− 4[εijT µbij DµA′DcFˆ+cb + εijT µbij Dµ ˆ¯ADcF ′−cb ]
+ 8DaF ′−abDcFˆ+cb + 4F ′−ac Fˆ+bc Rab + 14Tabij TcdijF ′−abFˆ+cd
+ w
{
− 23DaA′DaR+ 4DaA′DaD − T acijTbcij DbDaA′
− 2DaF ′−ab DcT cbijεij + iF ′−abR(A)−ad Tbdijεij + F−abT abijεij( 112R− 12D)
+A′
[
2
3R2 − 2RabRab − 6D2 + 2R(A)abR(A)ab −R(V)+abij R(V)+abj i
+ 1128T
abijTab
klT cdijTcdkl + T
acijDaD
bTbcij
]}
. (4.8)
The above Lagrangian is the central result of this paper and can be used to construct a large
variety of invariants in the same way as has been done in [15]. Three brief comments should be
made about it. First, in the limit w = 0, we recover exactly (4.2) of [15]. Second, the w-terms
appear not only explicitly in the final four lines of (4.8) but also implicitly within the covariant
derivatives of ˆ¯A, as we have already stressed earlier. Finally, we argued in section 3 that if Φ′
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is set to a constant, then the action cannot actually depend on the components of ln Φ¯. This is
apparent in (4.8) by inspection: only the last two lines survive in this limit and they depend on the
conformal supergravity fields alone. We note in particular the appearance of the non-conformal
part of the Gauss-Bonnet invariant involving 23R2 − 2RabRab. This confirms our conjecture that
the kinetic multiplet based upon ln Φ¯ can be used to generate the N = 2 Gauss-Bonnet invariant.
This will be the topic of the next section.
5 The N = 2 Gauss-Bonnet invariant in and out of superspace
We now have all of the building blocks necessary to construct the N = 2 Gauss-Bonnet invariant.
Based on our discussion in section 2, we were led to postulate the action
S−χ = S
−
W + S
−
NL = −
∫
d4xd4θ E
(
WαβWαβ + w
−1
T(ln Φ¯)
)
=
∫
d4x
(
L−W + L−NL
)
(5.1)
as the N = 2 supersymmetric Gauss-Bonnet, based mainly on the form its component action took
in the linearized limit. Using the results of section 4, we can verify explicitly that its component
Lagrangian contains the combination (1.2) of curvature-squared terms. However, the full N = 2
Gauss-Bonnet must not only include this combination, but must also be a topological quantity.
We will establish its topological nature in the next two sections using two complementary
methods. First, we will analyze its component structure, keeping only the bosonic terms, and
show that it indeed reduces to a topological quantity. In principle, this should be sufficient as
it is unlikely that the fermionic terms would not be a topological invariant if the bosonic terms
are. However, in order to eliminate this possibility, we will subsequently present a superspace
argument which encompasses all terms.
Afterwards, we will comment briefly on an alternative way of formulating the Gauss-Bonnet
in superspace which sheds further light on some of its features.
5.1 The N = 2 Gauss-Bonnet in components
In section 4, we provided the explicit expressions for the various components of the kinetic multi-
plet T(ln Φ¯). It is straightforward to put them together to construct the component action (5.1).
To keep the calculation concise, we will again neglect all fermionic terms.
We begin with the density formula for the kinetic multiplet,
−2
∫
d4xd4θ E T(ln Φ¯) =
∫
d4x e
(
C|T(ln Φ¯) − 116(Tab ijεij)2A|T(ln Φ¯)
)
≡ 2w
∫
d4xL−NL (5.2)
where C|T(ln Φ¯) and A|T(ln Φ¯) are given in (4.4). We have already discussed how the dependence
on the fields of the anti-chiral multiplet must be limited to total derivative terms, but we would
like to explicitly check this. Making use of (4.6), we easily find
2w e−1L−NL = DaV a − 2wRabRab + 23wR2 − 6wD2
+ 2wR(A)abR(A)ab − wR(V)+abijR(V)ab+j i
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+ 1128wT
abijTab
klT cdijTcdkl + wT
acijDaD
bTbcij (5.3)
where the components of the multiplet ln Φ¯ are confined to the covariant term V a given in (4.7).
The well-known conformal supergravity invariant constructed from the square of the super-
conformal Weyl tensor is
e−1L−W = 12CabcdCabcd − 12CabcdC˜abcd − 2R(A)−abR(A)ab− + 12R(V)−abijR(V)ab−j i
+ 3D2 − 12T acijDaDbTbcij − 1256T abijTabklT cdijTcdkl . (5.4)
Combining the expressions (5.3) and (5.4) with the appropriate coefficients leads to
e−1L−χ = e−1L−W + e−1L−NL = 12CabcdCabcd −RabRab + 13R2 − 12CabcdC˜abcd
+R(A)abR˜(A)
ab − 12R(V)abijR˜(V)abji + 12w−1DaV a . (5.5)
As required, L−χ is a topological invariant. It involves respectively the Euler density, the Pontrya-
gin density, the SU(2) and U(1) topological invariants, and an explicit total covariant derivative.
It is interesting (although perhaps coincidental) that the specific combination of U(1) and SU(2)
curvatures appearing in the above expression can be rewritten purely in terms of the U(2) cur-
vature.
5.2 The N = 2 Gauss-Bonnet is topological in superspace
Next, we give a purely superspace argument that the action (5.1) is topological – that is, it is
independent (up to a total derivative) of the choice of Φ¯ and of the fields of conformal supergravity.
We have already shown it is independent of the components of Φ¯ via a simple argument in section
3. Proving invariance under the supergravity fields is much more involved. In principle, the
superspace connections depend in a very complicated way on the N = 2 conformal supergravity
prepotential, which is a real scalar superfield H.13 Then applying a small deformation δH to the
prepotential, the action shifts to first order, S → S + δS, where
δS =
∫
d4xd4θ d4θ¯ E δH
δS
δH
. (5.6)
The quantity δS/δH is the supercurrent multiplet provided δH is defined correctly; we will
elaborate on this shortly. If the action is topological, then δS/δH = 0. Our goal will be to prove
this last condition for the Gauss-Bonnet invariant.
To make these manipulations a bit more concrete, we consider first the second order Weyl
action S−W given by the space-time integral of (2.14) involving the linearized super-Weyl tensor
Wαβ. This superfield is given in terms of the prepotential H as
Wαβ = D¯
4DαβH , (5.7)
13The references [30, 31] showed that the linearized N = 2Weyl multiplet can be described by a real unconstrained
prepotential H , in agreement with the supercurrent analysis of [32]. The origin of such a prepotential in the
harmonic superspace approach to N = 2 supergravity (see [4] and references therein) was revealed in [33] at the
linearized level, and in [34] at the fully nonlinear level.
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which satisfies the Bianchi identity DαβWαβ = D¯α˙β˙W¯
α˙β˙. The prepotential H contains the
linearized connections and covariant fields of the Weyl multiplet. Applying a small deformation
H → H + δH, one finds the action changes by
δS−W = −2
∫
d4xd4θ d4θ¯ δH DαβWαβ . (5.8)
The quantity J = −2DαβWαβ is the (linearized) N = 2 supercurrent for this action. One can
check that it satisfies the constraint [32]
DijJ = D¯ijJ = 0 , (5.9)
which is a consequence of the fact that H is defined only up to the gauge transformation [34, 35]
δΩH =
1
12DijΩ
ij + 112D¯
ijΩ¯ij (5.10)
for an unconstrained complex superfield Ωij .
These manipulations were rather simple because of the linearized nature of the super-Weyl
tensor. In a generic curved background, there will be some elaborations. For instance, because
H is a prepotential, it generically appears non-polynomially in the definitions of the connections
and the curvature Wαβ , and so there is some ambiguity in how one should define its variation.
Nevertheless, one expects that just as one can introduce small covariant deformations to the
component fields,
δeµ
a = eµ
bhb
a , δψµ
αi = eµ
bϕb
αi , etc., (5.11)
it should be possible to introduce a similar small covariant deformation H to the prepotential.14
Here the key idea is that one is deforming around an arbitrary curved background. The corre-
sponding variation of the action would be
δS =
∫
d4xd4θ d4θ¯ EHJ (5.12)
where the deformation H and the supercurrent J are both covariant conformal primary super-
fields, generalizing our previous formula (5.6). At the component level, this formula would simply
amount to
δS =
∫
d4x e
(
hbaTba + ϕ
bαiJbαi + · · · + δDJD
)
(5.13)
where Tba is the stress-energy tensor, Jbαi is the supersymmetry current, and so on up through JD,
which is the variation of the action with respect to the field D. By comparing with the linearized
case, we can deduce that H must have Weyl weight w = −2 and so J must be weight w = 2; it
14For an extensive pedagogical discussion of this procedure for N = 1 supergravity, we refer the reader to the
standard textbook references [36, 37]. The generalization to a manifestly superconformal setting was obtained in
[38]. There seems to be no particular obstruction to implementing an analogous procedure for N = 2 conformal
supergravity, but this has not yet been done.
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follows that the variation δD appears only in the highest component of H, and so J |θ=0 = −14JD,
with the normalization given by matching to the linearized case. A gauge transformation of the
component fields corresponds to a superfield gauge transformation15
δΩH = 112∇ijΩij + 112∇¯ijΩ¯ij , (5.14)
which is the curved generalization of (5.10). One can check that this respects the S-supersymmetry
invariance of H provided Ωij has w = −3 and c = −1. For this choice, the variation of the ac-
tion is zero, δS = 0, so it follows that the supercurrent J must obey the current conservation
equations
∇ijJ = ∇¯ijJ = 0 , (5.15)
which are the curved generalizations of (5.9). These conditions are invariant under S-supersymmetry
precisely when J has w = 2.
Now let us return to the case of interest. The naive covariantization of (5.8) is
δS−W = −2
∫
d4xd4θ d4θ¯ EH∇αβWαβ (5.16)
and so JW = −2∇αβWαβ. In principle there could be additional covariant corrections on the
right-hand side, but it is easy to see that no such corrections exist. The N = 2 supercurrent must
be a real conformal primary w = 2 superfield, and the unique such superfield one may construct
in conformal supergravity is ∇αβWαβ.16 Moreover, JW must also obey the constraint (5.15),
which one can check is indeed satisfied for JW ∝ ∇αβWαβ.
Remarkably, we may now apply the same argument to the variation of the kinetic multiplet
action S−NL. Taking
δS−NL =
∫
d4xd4θ d4θ¯ EHJNL , (5.17)
we observe that JNL cannot depend on ln Φ¯ since the original action does not actually depend
on it. Thus, JNL can only depend on the conformal supergravity fields. But we have just
argued that this leaves only one option: JNL ∝ ∇αβWαβ . This means that there must be
some combination of T(ln Φ¯) and WαβWαβ that is topological. As we already know that the
combination WαβWαβ +w
−1
T(ln Φ¯) yields a topological action if we turn off all fields except the
vierbein and the lowest component of ln Φ¯, we must conclude that
JNL = 2∇αβWαβ . (5.18)
It follows that
δS−χ = δS
−
W + δS
−
NL = 0 , (5.19)
and therefore this combination is indeed topological for a generic supergravity background.
15In the SU(2) superspace formulation of conformal supergravity [5], the gauge transformation (5.14) coincides
with the transformation given in [39].
16This statement is a little too strong. In principle, one could have terms like (∇γδWγδ)
2/|WαβWαβ|. The correct
statement is that so long as our component action has a regular Minkowski limit, we expect that the supercurrent
should also have a regular Minkowski limit, and so we may exclude such terms.
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5.3 The N = 2 Gauss-Bonnet in an alternative superspace
We close this section by elaborating upon alternative formulations of the N = 2 Gauss-Bonnet in
superspace. The formulation in (5.1) is very close in spirit to the component formulation (1.22)
constructed from conformal gravity coupled to a scalar field. A natural question to ask is what
the superspace analog of (1.23) should be, where the scalar field has been gauge-fixed to unity
and conformal gravity reduced to Poincare´ gravity.
This question is naturally addressed in the superspace formulation for N = 2 conformal super-
gravity given in [5] where only the Lorentz and SU(2) transformations are explicitly gauged, while
the remaining local superconformal symmetries are realized as super-Weyl transformations.17 We
refer to this conformal supergravity formulation as SU(2) superspace. The covariant superspace
derivatives are given by
EM
ADA = ∂M − 12ΩMabMab − 12VMijIj i (5.20)
and the algebra of superspace covariant derivatives depends not only on the superfieldWαβ, which
contains the Weyl multiplet, but also on additional torsion superfields Sij and Yαβ, which are
both complex and symmetric in their indices, as well as the real superfield Ga. The latter torsion
superfields give direct access to the Ricci tensor (as opposed to merely the Weyl tensor), which
is an advantage of using this formulation as opposed to conformal superspace.
It turns out there is a straightforward mapping between conformal and SU(2) superspace,
which can be accomplished by adopting the K- and S-gauge BM = 0 and extracting the U(1),
K- and S-connections from the covariant derivative.18 These turn out to contain the multiplet
associated with the Ricci tensor. Just as adopting the gauge bµ = 0 in conformal gravity allows
the decomposition
✷c✷c lnφ = D2D2 lnφ+Da
(
2
3RDa lnφ− 2RabDb lnφ
)
− 12wRabRab + 16wR2 + 16wD2R , (5.21)
performing the same procedure in superspace allows
∇¯4 ln Φ¯ = ∆¯ ln Φ¯− 12wT0 (5.22)
where
∆¯ ln Φ¯ := 196εikεjlD¯ijD¯kl ln Φ¯− 196 D¯α˙β˙D¯α˙β˙ ln Φ¯ + 16εikεjlS¯ijD¯kl ln Φ¯ + 16 Y¯α˙β˙D¯α˙β˙ ln Φ¯ (5.23)
is the chiral projection operator of SU(2) superspace [41, 42] and
T0 := −Y¯α˙β˙Y¯ α˙β˙ − εikεjlS¯ijS¯kl − 16εikεjlD¯ijS¯kl (5.24)
17This formulation makes use of the superspace geometry originally proposed in [40] without any connection with
conformal supergravity.
18More precisely, one recovers U(2) superspace [29] (see also [6]) in this manner, which can be further reduced
to SU(2) superspace by an additional super-Weyl gauge-fixing [6].
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is a combination of torsion superfields which is independent of Φ¯. The term ∆¯ ln Φ¯ of (5.22)
corresponds to the first line of (5.21) while the second term involving T0 corresponds to the
three w-dependent curvature terms. Moreover, the combination T0 is actually chiral since both
∇¯4 ln Φ¯ and ∆¯ ln Φ¯ are chiral in SU(2) superspace. This is quite a non-trivial statement since
none of the individual terms are chiral, nor can the expression be written as the chiral projection
of some covariant term. In other words, T0 is an additional non-trivial chiral invariant in SU(2)
superspace, which contains the second line of (5.21) as its highest component.
The analogy we have drawn between (5.21) and (5.22) is not superficial. In the component
expression (5.21), the first line possesses an inhomogeneous contribution under a Weyl transfor-
mation which is precisely balanced by the second line. The same property holds for (5.22). Using
the super-Weyl transformation introduced in [5], one finds
δΣ∆¯ ln Φ¯ = 2Σ∆¯ ln Φ¯ + w∆¯Σ¯ , δΣT0 = 2ΣT0 + 2∆¯Σ¯ , (5.25)
with chiral parameter Σ. It follows that δΣ∇¯4 ln Φ¯ = 2Σ ∇¯4 ln Φ¯.
Let us now consider the action for the kinetic multiplet in SU(2) superspace, where it becomes∫
d4xd4θ E Φ′T(ln Φ¯) = −2
∫
d4xd4θ E Φ′∇¯4 ln Φ¯
= −2
∫
d4xd4θ d4θ¯ E Φ′ ln Φ¯ + w
∫
d4xd4θ E Φ′T0 (5.26)
after using the chiral projection operator ∆¯ to rewrite a chiral superspace integral in terms of a
full superspace integral. It is easy to see that the part of the action involving Φ¯ vanishes when Φ′
is a constant. The pure curvature contributions to the Gauss-Bonnet are isolated in the remaining
term T0, which is the intrinsic part of the kinetic multiplet and is explicitly independent of the
components of Φ¯. In fact, there is no obstruction to performing a super-Weyl transformation to
explicitly fix Φ¯ to a constant; then its contribution to the action vanishes completely.
Just as we proposed the action
S−χ =
∫
d4xd4θ E
(
−WαβWαβ + 2w−1∇¯4 ln Φ¯
)
=
∫
d4x e
(
1
2C
abcdCabcd − 12CabcdC˜abcd + 2w−1✷c✷cA¯+ · · ·
)
(5.27)
as the Gauss-Bonnet in conformal superspace, we can similarly now exhibit the Gauss-Bonnet in
SU(2) superspace as
S−χ = −
∫
d4xd4θ E
(
WαβWαβ + T0
)
=
∫
d4xd4θ E
(
−WαβWαβ + Y¯α˙β˙Y¯ α˙β˙ + εikεjlS¯ijS¯kl + 16εikεjlD¯ijS¯kl
)
=
∫
d4x e
(
1
2C
abcdCabcd − 12CabcdC˜abcd − RabRab + 13R2 + 13D2R+ · · ·
)
. (5.28)
These two actions correspond respectively to the supersymmetric versions of the actions (1.22)
and (1.23). In both cases, the details of the elided terms can be reconstructed using the explicit
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results for the kinetic multiplet. We further observe that because the imaginary part of the chiral
superspace integral of WαβWαβ is a total derivative, the supersymmetric Pontryagin term, the
same must hold for T0.
It is actually possible to cast the conformal superspace action into the same form as (5.26).
Suppose we have some chiral multiplet Φ0 which is nowhere vanishing. For simplicity, let us take
its weight to be w0 = 1, although any nonzero weight will suffice. It is trivial to rewrite
T(ln Φ¯) = T(ln(Φ¯/(Φ¯0)
w)) + wT(ln Φ¯0) (5.29)
where T(ln(Φ¯/(Φ¯0)
w)) is a usual kinetic multiplet of a weight zero anti-chiral superfield and the
non-linear behavior has been isolated within T0 := T(ln Φ¯0). It follows that∫
d4xd4θ E Φ′T(ln Φ¯) = −2
∫
d4xd4θ d4θ¯ E Φ′ ln(Φ¯/(Φ¯0)
w) +w
∫
d4xd4θ E Φ′T0 . (5.30)
If one then chooses to work in the gauge where Φ¯0 = 1, one recovers (5.26). Note however that
the action is actually independent of the choice of Φ¯0.
6 Summary and conclusions
The main goal of this paper was to establish the existence of a new class of higher-derivative
N = 2 supersymmetric invariants based on the non-linear extension of the kinetic multiplet. Now
that we have obtained its explicit form, we can address in more detail the two issues mentioned
in the introduction.
In the recent paper [18], the 5D mixed gauge-gravitational Chern-Simons term constructed
originally in [19] was reduced to four dimensions. The resulting 4D Lagrangian, denoted Lvww,
could not be completely classified in terms of known supersymmetric invariants. In particular,
there appeared to be three sets of terms. The first set was easily identified as arising from a
known chiral invariant based on a holomorphic function; the second and third sets were more
puzzling. One seemed to belong to the class based on the kinetic multiplet that had already been
constructed in [15], corresponding, as discussed in section 3, to a full superspace integral of a
Ka¨hler potential
H ∝ i cA(tA ln X¯ 0 − t¯A lnX 0) , (6.1)
where the coefficients cA were real constants, the field X 0 was the Kaluza-Klein vector multiplet,
and the fields tA = XA/X 0 were the ratio of vector multiplets. The other set of terms involved
curvature bilinears such as cAt
ARabRab and cAtAR(V)+abijR(V)+abj i.
Based on the results of this paper, it has become clear to us that the second and third sets of
terms actually arise from a single invariant based on the non-linear version of the kinetic multiplet.
The key point is that the higher-derivative Lagrangian constructed in [15] depended on a Ka¨hler
metric HIJ¯ with the additional homogeneity condition X IHIJ¯ = 0. The proposed function (6.1)
does not obey this condition; however, it seems that one can relax slightly the homogeneity
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condition and “patch up” the component Lagrangian by including certain curvature-squared
combinations, such as cAt
ARabRab, exactly of the sort found in [18]. The resulting higher-
derivative action arises not by using the full superspace action of [15], but rather the non-linear
kinetic multiplet action
i cA
∫
d4xd4θ E tA T(ln X¯ 0) + h.c. (6.2)
constructed in this paper. This single action appears to contain the second and third sets of
terms identified in [18]. In other words, it seems that the 4D Lagrangian Lvww contains only
two supersymmetric invariants: one based on a holomorphic function of chiral multiplets and
the other based on (6.2). At the present time, we cannot be more definitive, as the analysis of
[18] was based on a few characteristic terms only, with the goal of reconstructing what the 4D
invariant should be. Now that we are confident in our identification of these terms, we plan to
revisit the analysis of [18] to ensure full equality.
It is an interesting question whether the new 4D invariants we have constructed also arise
from reduction of other 5D invariants. Recently, the dilaton-Weyl formulation of 5D conformal
supergravity has been used to construct all of the 5D R2 invariants [43], in addition to the
Gauss-Bonnet combination [44], building on the work of [45]. It is probable that an off-shell
dimensional reduction of these actions would produce 4D invariants equivalent to the ones under
consideration, but such explicit reductions have not yet been undertaken.
The second question has to do with black hole entropy. Originally the first calculation of the
entropy of BPS black holes involving higher-derivative couplings was based on the supersymmetric
extension of the square of the Weyl tensor [21, 22]. More precisely (2.14) was generalized to a
holomorphic and homogeneous function F of weight two, depending on W 2 =WαβW
αβ and the
vector multiplets X I , i.e.
S ∝
∫
d4xd4θ E F (X I ,W 2) + h.c. (6.3)
A somewhat surprising result was that the actual contribution from the higher-derivative terms
did not originate from the square of the Weyl tensor, but from the terms T acijDaD
bTbcij required
by supersymmetry. Some time later, in a specific model [20], the entropy was calculated by
replacing the square of the Weyl tensor by the Gauss-Bonnet combination
CabcdCabcd =⇒ CabcdCabcd − 2RabRab + 23R2 , (6.4)
keeping the same coefficient in front of C2 term. Since the supersymmetrization of the Gauss-
Bonnet term was not known, no additional terms were included. The surprising result was that
this pure Gauss-Bonnet coupling gave rise, at least in this model, to the same result as [21, 22].
With the results of this paper it is now straightforward to analyze the reasons behind this
unexpected match, which holds even when including all the terms required by supersymmetry.
The relevant terms in the supersymmetrization (6.3) of the Weyl tensor squared are
e−1A′ L−W ∼ A′
{
1
2C
abcdCabcd − 12CabcdC˜abcd
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− 12T acijDaDbTbcij − 1256T abijTabklT cdijTcdkl
}
, (6.5)
where A′ denotes the scalar associated with the ratio of two vector multiplets. As already men-
tioned, the sole contribution to the BPS black hole entropy in the original calculation came from
the third term above. The reason is that the Wald entropy follows in this particular case from
varying the action with respect to Rabcd and subsequently restricting the background to ensure
that the near-horizon horizon is fully supersymmetric (for further details we refer to [21, 22]).
In this near-horizon background both the Weyl tensor and the Ricci scalar vanish, so that the
term quadratic in the Weyl tensor cannot give a contribution to the entropy. However, it turns
out that the square of the (conformally) covariant derivatives acting on Tbcij involve terms linear
in the Ricci tensor, while the tensor fields T are non-vanishing so that this term determines the
entropy.
Let us now give the relevant terms in the non-linear kinetic multiplet, which can be added to
(6.5) to carry out the replacement (6.4) in the fully supersymmetric context,
e−1A′ L−NL ∼ A′
{
−RabRab + 13R2 + 12T acijDaDbTbcij + 1256T abijTabklT cdijTcdkl
}
. (6.6)
Here the first and the third term do both contribute to the entropy, but as it turns out their
contribution cancels in the near-horizon geometry by virtue of the relation Rab = −18TacijTbcij .
Hence it follows that the replacement (6.4) at the fully supersymmetric level does not affect the
result for the BPS black hole entropy.19 Moreover, the terms depending on the tensor fields cancel
in the sum of (6.5) and (6.6), so that in the calculation based on the Gauss-Bonnet term the
supersymmetric completion will not contribute, just as indicated by the result of [20].
In addition one may also consider the actual value of the two invariants in the supersymmet-
ric near-horizon background. This is the reason why we also included the T 4 terms in (6.5) and
(6.6), as they are the only other terms that can generate additional contributions to the action in
the near-horizon geometry. Working out this particular contribution, we find that (6.6) vanishes,
and furthermore that the T -dependent terms vanish in the sum of (6.5) and (6.6). Hence the
supersymmetric completion does not contribute to the Gauss-Bonnet coupling, and the value of
the action will not change under the replacement (6.4) at the fully supersymmetric level. We
should add that this last result has a bearing on the evaluation of the logarithmic corrections
to the BPS entropy in [46]. There the square of the Weyl tensor and the Gauss-Bonnet invari-
ant were equated and their contributions summed without further information of the possible
supersymmetric completion of the coupling to a Gauss-Bonnet term. This was necessary in order
to obtain quantitative agreement when comparing two methods for calculating the logarithmic
corrections. Our above analysis thus confirms and clarifies the earlier observations in [20, 46].
We have showed for this case that the non-linear version of the kinetic multiplet vanishes at
supersymmetric field configurations and it does not contribute to the entropy of a BPS black hole.
A more complete analysis, establishing the existence of a BPS non-renormalization theorem in a
more general Lagrangian, would proceed along the same lines as in [15], which established that
19 Similarly, L−
NL
contributes nothing to the electric charges of BPS black holes.
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Lagrangians involving the usual kinetic multiplet T(Φ¯) will vanish for a supersymetric background
and also their first derivative with respect to fields or parameters will vanish in such a background.
The latter would imply in particular that they cannot contribute to the BPS black hole entropy
or to the electric charges. The proof was based on the fact that weight-zero chiral superfields
must be proportional to a constant in the supersymmetric limit. For the non-linear version of
the kinetic multiplet T(ln Φ¯) considered here, there is a marked difference because Φ is a chiral
multiplet of non-zero weight. Its supersymmetric value is therefore not necessarily proportional
to a constant, which makes the corresponding BPS analysis significantly more involved, with
constraints imposed on the supergravity background as well as the chiral multiplet itself. We
intend to give a more thorough analysis of these features in the near future.
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A Notations and conventions
In this paper, we have used in parallel both superspace, which is conventionally written in two-
component notation, and multiplet calculus, which is usually carried out in four-component nota-
tion. To aid the reader in translating any given formula between the two notations, we summarize
our conventions for both.
Space-time indices are denoted µ, ν, . . ., Lorentz indices are denoted a, b, . . ., and SU(2) indices
are denoted i, j, . . .. The Lorentz metric is ηab = diag(−1, 1, 1, 1) and the antisymmetric tensor
εabcd is imaginary, with ε0123 = −i. Our two-component conventions follow mainly [47] with the
following modification: the spinor matrices are given by σa = (−1,−τ i) with τ i the Pauli matrices,
so that the matrix in the Dirac conjugate can be written iγ0 as in [15]. A generic four-component
Dirac fermion Ψ decomposes into spinors ψα and χ¯
α˙, which are respectively left-handed and right-
handed two-component spinors. The Dirac conjugate Ψ¯ = iΨ†γ0 has components χα = (χ¯α˙)∗
and ψ¯α˙ = (ψα)
∗. Spinor indices can be raised and lowered using the antisymmetric tensor ǫαβ:
ψβ = ǫβαψα , ψα = ǫαβψ
β , ǫαβǫ
βγ = δγα , ǫ
12 = ǫ21 = 1 . (A.1)
Similar equations pertain for ǫ
α˙β˙
and dotted spinors. We define
(σ¯a)α˙α := ǫα˙β˙ǫαβ(σa)
ββ˙
, σ¯a = (σ0,−σi) (A.2)
so that
(σaσ¯b + σbσ¯a)α
β = −2ηabδβα , (σ¯aσb + σ¯bσa)α˙β˙ = −2ηabδα˙β˙ . (A.3)
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The four-component γ matrices, which differ from those of [47], are built out of the σ matrices
and obey
γa =
(
0 i (σa)
αβ˙
i (σ¯a)α˙β 0
)
, (γa)† = γa , {γa, γb} = 2ηab ,
γ5 = −iγ0γ1γ2γ3 =
(
δα
β 0
0 −δα˙
β˙
)
. (A.4)
We define antisymmetric combinations of γ and σ matrices as
(σab)α
β := 14(σ
aσ¯b − σbσ¯a)αβ , (σ¯ab)α˙β˙ := 14(σ¯aσb − σ¯bσa)α˙β˙ ,
γab := 12 [γ
a, γb] =
(
−2(σab)αβ 0
0 −2(σ¯ab)α˙
β˙
)
. (A.5)
One can check that (σab)αβ = ǫβγ(σ
ab)α
γ is symmetric in its spinor indices and similarly for
(σ¯ab)
α˙β˙
= ǫα˙γ˙(σ¯
ab)γ˙
β˙
. These obey the duality properties
1
2εabcdσ
cd = −σab , 12εabcdσ¯cd = +σ¯ab , 12εabcdγcd = −γ5γab . (A.6)
The main difference between four-component and two-component notation (aside from the use
of γ- versus σ-matrices) is that the latter usually yields more direct information about the Lorentz
group representation of the field in question. For example, in four-component calculations, one
must remember the chirality of all spinor quantities. This is accomplished in N = 2 multiplet
calculus by using the location of the SU(2) index to distinguish between the left-handed and
right-handed fields; for example, ψµ
i and ψµi are always, respectively, the left-handed and right-
handed gravitinos while φµ
i and φµi are always, respectively, the right-handed and left-handed
S-supersymmetry connections. In two-component notation, the first pair are written as ψµα
i and
ψ¯µ
α˙
i and the second pair by φ¯µ
α˙i and φµαi with the explicit spinor index denoting the chirality, so
one can in principle raise or lower the SU(2) index using the antisymmetric tensor εij . However,
we will avoid doing this to maintain maximum compatibility with four-component notation.
Similarly, vectors and tensors can be written with spinor indices to explicitly indicate their
properties under the Lorentz group. A vector V a is associated with a field Vαα˙ with one dotted
and one undotted index via
Vαα˙ = (σ
a)αα˙Va , Va = −2(σ¯a)α˙αVαα˙ . (A.7)
Similarly, an antisymmetric two-form Fab is associated with symmetric bi-spinors Fαβ and Fα˙β˙
corresponding to its anti-selfdual and selfdual parts,
F−ab = (σab)α
βFβ
α , F+ab = (σ¯ab)
α˙
β˙
F β˙ α˙ ,
F±ab =
1
2(Fab ± F˜ab) , F˜ab = 12εabcdF cd , F˜±ab = ±F±ab . (A.8)
If Fab is real, then (Fαβ)
∗ = −Fα˙β˙. We always apply symmetrization and antisymmetrization
with unit strength, so that F[ab] = Fab and F(αβ) = Fαβ .
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Weyl multiplet parameters
field eµ
a ψµ
i bµ Aµ Vµij Tabij χi D ωabµ fµa φµi ǫi ηi
w −1 −12 0 0 0 1 32 2 0 1 12 −12 12
c 0 −12 0 0 0 −1 −12 0 0 0 −12 −12 −12
γ5 + + − + −
Table 1: Weyl and chiral weights (w and c) and fermion chirality (γ5) of the Weyl multiplet component fields
and the supersymmetry transformation parameters.
Finally, we remind the reader that SU(2) indices are swapped by complex conjugation,
(Tabij)
∗ = Tab
ij, and we make use of the invariant SU(2) tensor εij and εij defined as ε
12 = ε12 = 1
with εijεkj = δ
i
k. As already stated, unlike in the superspace approaches [1, 5], we do not raise
or lower SU(2) indices with the εij tensor.
B Multiplet calculus formulation of N = 2 conformal supergravity
In this appendix, we present the transformation rules for the N = 2 conformal supergravity (or
Weyl) multiplet and their relation to the superconformal algebra. Recall that the superconfor-
mal algebra comprises the generators of the general-coordinate, local Lorentz, dilatation, special
conformal, chiral SU(2) and U(1), supersymmetry (Q) and special supersymmetry (S) transfor-
mations. The gauge fields associated with general-coordinate transformations (eµ
a), dilatations
(bµ), R-symmetry (Vµij and Aµ) and Q-supersymmetry (ψµi) are independent fields. The remain-
ing gauge fields associated with the Lorentz (ωµ
ab), special conformal (fµ
a) and S-supersymmetry
transformations (φµ
i) are composite objects [28, 2, 3]. The multiplet also contains three other
fields: a Majorana spinor doublet χi, a scalar D, and a selfdual Lorentz tensor Tabij , which is
anti-symmetric in [ab] and [ij]. The Weyl and chiral weights have been collected in table 1.
Under Q-supersymmetry, S-supersymmetry and special conformal transformations the Weyl
multiplet fields transform as
δeµ
a = ǫ¯i γaψµi + ǫ¯i γ
aψµ
i ,
δψµ
i = 2Dµǫi − 18Tabijγabγµǫj − γµηi
δbµ =
1
2 ǫ¯
iφµi − 34 ǫ¯iγµχi − 12 η¯iψµi + h.c. + ΛaKeµa ,
δAµ =
1
2 iǫ¯
iφµi +
3
4 iǫ¯
iγµ χi +
1
2 iη¯
iψµi + h.c. ,
δVµij = 2 ǫ¯jφµi − 3ǫ¯jγµ χi + 2η¯j ψµi − (h.c. ; traceless) ,
δTab
ij = 8 ǫ¯[iR(Q)ab
j] ,
δχi = − 112γab /DTabij ǫj + 16R(V)µν ijγµνǫj − 13 iRµν(A)γµνǫi +Dǫi + 112γabT abijηj ,
δD = ǫ¯i /Dχi + ǫ¯i /Dχ
i . (B.1)
Here ǫi and ǫi denote the spinorial parameters of Q-supersymmetry, η
i and ηi those of S-
supersymmetry, and ΛK
a is the transformation parameter for special conformal boosts. The full
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superconformally covariant derivative is denoted by Dµ, while Dµ denotes a covariant derivative
with respect to Lorentz, dilatation, chiral U(1), and SU(2) transformations,
Dµǫi =
(
∂µ − 14ωµcd γcd + 12 bµ + 12 iAµ
)
ǫi + 12 Vµij ǫj . (B.2)
The covariant curvatures are given by
R(P )µν
a =2 ∂[µ eν]
a + 2 b[µ eν]
a − 2ω[µab eν]b − 12(ψ¯[µiγaψν]i + h.c.) ,
R(Q)µν
i =2D[µψν]i − γ[µφν]i − 18 T abij γab γ[µψν]j ,
R(A)µν =2 ∂[µAν] − i
(
1
2 ψ¯[µ
iφν]i +
3
4 ψ¯[µ
iγν]χi − h.c.
)
,
R(V)µνij =2 ∂[µVν]ij + V[µik Vν]kj + 2(ψ¯[µi φν]j − ψ¯[µj φν]i)− 3(ψ¯[µiγν]χj − ψ¯[µjγν]χi)
− δj i(ψ¯[µk φν]k − ψ¯[µk φν]k) + 32δj i(ψ¯[µkγν]χk − ψ¯[µkγν]χk) ,
R(M)µν
ab = 2 ∂[µων]
ab − 2ω[µacων]cb − 4f[µ[aeν]b] + 12(ψ¯[µi γab φν]i + h.c.)
+ (14 ψ¯µ
i ψν
j T abij − 34 ψ¯[µi γν] γabχi − ψ¯[µi γν]R(Q)abi + h.c.) ,
R(D)µν =2 ∂[µbν] − 2f[µaeν]a − 12 ψ¯[µiφν]i + 34 ψ¯[µiγν]χi − 12 ψ¯[µiφν]i + 34 ψ¯[µiγν]χi ,
R(S)µν
i =2D[µφν]i − 2f[µaγaψν]i − 18 /DTabijγabγ[µψν] j − 32γaψ[µi ψ¯ν]jγaχj
+ 14R(V)abijγabγ[µψν]j + 12 iR(A)abγabγ[µψν]i ,
R(K)µν
a =2D[µfν]a − 14
(
φ¯[µ
iγaφν]i + φ¯[µiγ
aφν]
i
)
+ 14
(
ψ¯µ
iDbT
ba
ijψν
j − 3 e[µaψν]i /Dχi + 32D ψ¯[µiγaψν]j − 4 ψ¯[µiγν]DbR(Q)bai + h.c.
)
.
(B.3)
The connections ωµ
ab, φµ
i and fµ
a are algebraically determined by imposing the conventional
constraints
R(P )µν
a = 0 , γµR(Q)µν
i + 32γνχ
i = 0 ,
eνbR(M)µνa
b − iR˜(A)µa + 18TabijTµbij − 32D eµa = 0 . (B.4)
Their solution is given by
ωµ
ab = − 2eν[a∂[µeν]b] − eν[aeb]σeµc∂σeνc − 2eµ[aeb]νbν
− 14(2ψ¯iµγ[aψ
b]
i + ψ¯
aiγµψ
b
i + h.c.) ,
φµ
i = 12
(
γρσγµ − 13γµγρσ
) (Dρψσi − 116T abijγabγρψσj + 14γρσχi) ,
fµ
µ = 16R(ω, e)−D −
(
1
12e
−1εµνρσψ¯µ
i γνDρψσi − 112 ψ¯µiψνjT µνij − 14 ψ¯µiγµχi + h.c.
)
. (B.5)
We will also need the bosonic part of the expression for the uncontracted connection fµ
a,
fµ
a = 12R(ω, e)µ
a − 14
(
D + 13R(ω, e)
)
eµ
a − 12 iR˜(A)µa + 116TµbijT abij , (B.6)
where R(ω, e)µ
a = R(ω)µν
abeb
ν is the non-symmetric Ricci tensor, and R(ω, e) the corresponding
Ricci scalar. The curvature R(ω)µν
ab is associated with the spin connection field ωµ
ab.
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C Superspace formulation of N = 2 conformal supergravity
We summarize in this appendix the structure of conformal superspace, whose component reduc-
tion reproduces the superconformal multiplet calculus. Relative to [1], we have made several
changes of normalization of various operators, connections and curvatures so that the matching
with tensor calculus is as transparent as possible. With the explicit results given here, one can
(with some effort) reproduce the component results of section 4.
Recall that N = 2 superspace is a supermanifold parametrized by local coordinates zM =
(xµ, θmı, θ¯m˙ı). Together with superdiffeomorphisms, we equip the superspace with additional sym-
metry generators – the Lorentz transformations (Mab), Weyl dilatations (D), chiral U(1) rotations
(A), SU(2) transformations (Iij), special conformal transformations (Ka), and S-supersymmetry
(Sα
i and S¯α˙i). One introduces connection one-forms associated with each of these generators,
including a vielbein EM
A associated with covariant diffeomorphisms, and defines the covariant
derivative ∇A as in (3.1). It transforms under Lorentz, dilatation and SU(2)×U(1) transforma-
tions as
[Mab,∇c] = −ηbc∇a + ηac∇b , [Mab,∇γi] = −(σab)γβ∇βi , [Mab, ∇¯γ˙i] = −(σ¯ab)γ˙ β˙∇¯β˙i ,
[D,∇a] = ∇a, [D,∇αi] = 12∇αi, [D, ∇¯α˙i] = 12∇¯α˙i ,
[A,∇αi] = 12 i∇αi, [A, ∇¯α˙i] = −12 i ∇¯α˙i ,
[Ij i,∇αk] = δjk∇αi − 12δji∇αk, [Ij i, ∇¯α˙k] = −δik∇¯α˙j + 12δij∇¯α˙k . (C.1)
The non-trivial algebraic relations involving S, S¯ and K are
{Sαi, S¯α˙j} = −i δij (σa)αα˙Ka , [Ka,∇b] = −ηabD−Mab ,
{Sαi,∇βj} = −δijǫαβD+ 2δijMαβ − i δijǫαβA+ 2ǫαβIij ,
{S¯α˙i, ∇¯β˙j} = −δji ǫα˙β˙D+ 2δji M¯ α˙β˙ + i δji ǫα˙β˙A− 2ǫα˙β˙Ij i ,
[Ka,∇αi] = i (σa)αβ˙ S¯β˙ i, [Ka, ∇¯α˙i] = i (σ¯a)α˙β Sβi ,
[Sα
i,∇a] = −12 i (σa)αβ˙ ∇¯β˙i, [S¯α˙i,∇a] = −12 i (σ¯a)α˙β ∇βi. (C.2)
Above we have used Mαβ and M¯
β˙α˙ as the anti-selfdual and selfdual parts of Mab.
We have not yet specified the (anti-)commutation relations of the covariant derivatives. These
involve non-vanishing torsion and curvature tensors, but they are all built out of the covariant
Weyl superfieldWαβ , which is a chiral primary superfield obeying the Bianchi identity ∇αβWαβ =
∇¯α˙β˙W¯
α˙β˙
. The algebra of the spinor derivatives is the simplest:
{∇αi, ∇¯β˙ j} = −2i δji (σc)αβ˙∇c = −2i δji ∇αβ˙ ,
{∇αi,∇βj} = −2 εijǫαβW¯ , {∇¯α˙i, ∇¯β˙j} = −2 εijǫα˙β˙W
W :=WαβMαβ − 12∇βjWβα Sαj − 12∇α˙βWβαKαα˙ , W¯ = (W)∗ . (C.3)
The commutator of the spinor and vector derivatives is
[∇αi,∇ββ˙ ] = −2 ǫαβW¯β˙i , [∇¯α˙i,∇ββ˙] = −2 ǫα˙β˙Wβi (C.4)
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where
εijWαj = 12 iWαγ∇γi − 14 i∇φiWφαD+ 14∇φiWφαA+ 12 i∇φjWφαIj i − 12 i∇βiW γαMβγ
+ 14 i∇αi∇φkWφγSγk − 12∇β˙φWφαS¯β˙ i + 14 i∇αi∇β˙φWφβK β˙β , (C.5)
and W¯α˙j = (Wαj)∗. Finally, the commutator of the vector derivatives can be written
[∇a,∇b] = −Tabc∇c − Tabγj∇γj − Tabγ˙j∇¯γ˙j
− 12 Rˆ(M)abcdMcd − 12R(V)abijIji −R(D)ab D−R(A)ab A
− 12R(S)abγjSγj − 12R(S)abγ˙j S¯γ˙ j − Rˆ(K)abcKc . (C.6)
We have placed circumflexes on the Lorentz curvature and K-curvature because their lowest
components will differ from the corresponding curvatures in tensor calculus in a way we will soon
describe. The anti-selfdual parts of the torsion and curvature tensors are
Tαβ
c = 0 , Tαβ
γi = −14εij∇γjWαβ , Tαβγ˙i = 0 ,
R(V)αβij = 14εik∇jkWαβ , R(D)αβ = −iR(A)αβ = 116∇αγWγβ + 116∇βγWγα ,
Rˆ(M)αβ
cdMcd =
1
4∇γδWαβMδγ − 14∇φγW φγMαβ −WαβW¯γ˙δ˙M¯ δ˙γ˙ ,
R(S)αβ
γ
i =
1
24ε
jk∇ij∇βkWαγ + 124εjk∇ij∇αkWβγ ,
R(S)αβγ˙
i = −14 i εij∇βj∇γ˙ γWγα − 14 i εij∇αj∇γ˙γWγβ + 12Wαβ∇¯φ˙iW¯ φ˙γ˙ ,
Rˆ(K)αβ
c = − 116∇αβ∇γ˙δWδγ(σc)γγ˙ + 14Wαβ∇γφ˙W¯ φ˙γ˙(σ¯c)γ˙γ . (C.7)
The selfdual parts can be found by complex conjugation. These algebraic relations completely
determine the superspace geometry.
The component structure of any superspace theory can be found by identifying the indepen-
dent components of the superfields and taking the θ = θ¯ = 0 limit, which we denote by |θ=0. For
the connections, we identify
eµ
a ≡ Eµa|θ=0, ψµαi ≡ 2Eµαi|θ=0, ψ¯µα˙i ≡ 2Eµα˙i|θ=0
Aµ ≡ Aµ|θ=0, bµ ≡ Bµ|θ=0, ωµab ≡ Ωµab|θ=0, Vµij ≡ Vµij|θ=0
fˆµ
a ≡ Fµa|θ=0, φµαi ≡ Φµαi|θ=0, φ¯µα˙i ≡ Φ¯µα˙i|θ=0 . (C.8)
The covariant components of the Weyl multiplet are found within the superfieldWαβ . The tensor
Tab
ij, spinor χα
i and scalar D are given by
Tab
ij := 2εij(σab)β
αWα
β|θ=0 , χαi := −13∇βiWβα|θ=0, D := 112∇αβWβα|θ=0 . (C.9)
One can define the component covariant derivative by Dˆa = ∇a|θ=0, leading to
eµ
aDˆa = ∂µ − 12ψµαiQαi − 12 ψ¯µα˙iQ¯α˙i − 12ωµabMab − bµD−AµA− 12VµijIji
− 12φµαi Sαi − 12 φ¯µα˙i S¯αi − fˆµaKa , (C.10)
36
where we identify Qαi := ∇αi|θ=0 as the supersymmetry transformation on a component field.
The covariant derivative Da used in multiplet calculus differs slightly from Dˆa. They are
related by a redefinition of the K-connection,20
Da = Dˆa +
3
4DKa , fµ
a = fˆµ
a − 34eµa . (C.11)
The component curvatures are
[Da,Db] = −12R(Q)abγjQγj − 12R(Q)abγ˙jQ¯γ˙j
− 12R(M)abcdMcd − 12R(V)abij Iij −R(D)ab D−R(A)ab A
− 12R(S)abγj Sγj − 12R(S)abγ˙ j S¯γ˙ j −R(K)abcKc . (C.12)
These are related to the superspace curvatures by
R(Q)ab
αi = 2Tab
αi|θ=0 , R(M)abcd = Rˆ(M)abcd|θ=0 + 3D δ[ca δd]b ,
R(K)ab
c = Rˆ(K)ab
c|θ=0 − 32D[aD δb]c , (C.13)
while the other curvatures in (C.12) are the θ = 0 projections of the corresponding superspace
curvatures.
Component gauge transformations can be derived directly from how their corresponding su-
perfields transform. One may explicitly rederive (B.1), for example, by taking the transformations
with Q-supersymmetry parameters ξαi = ǫαi and ξ¯α˙i = ǫ¯α˙i, S-supersymmetry parameters ηα
i and
η¯α˙i, and special conformal parameter Λ
a
K. For example, if Ψ is some covariant superfield (e.g. Φ,
∇αiΦ, etc.)
δΨ|θ=0 =
(
ǫαi∇αiΨ+ ǫ¯α˙i∇¯α˙iΨ+ ηαi SαiΨ+ η¯α˙i S¯α˙iΨ+ ΛaKKaΨ
)
|θ=0 . (C.14)
As a simple example, let us consider Tab
ij :
δTab
ij = −2 εij(σab)βαǫγk∇γkWαβ|θ=0 = 8 ǫγ[iR(Q)ab γj] , (C.15)
using (C.7) and (C.13). The transformation rules for χα
i and D can be derived similarly. For
the connections (C.8), the transformation rules follow from covariant diffeomorphisms and gauge
transformations for the superspace connections.21
D Gauss-Bonnet invariant in N = 1 conformal supergravity
In the main body of the paper, we have constructed the N = 2 Gauss-Bonnet using conformal
supergravity, corresponding to the approach taken in the introduction for the non-supersymmetric
case. Because the N = 1 Gauss-Bonnet is not usually described in this way, it is reasonable to give
20The difference in the K-connection corresponds to a slight modification of the third conventional constraint
(B.4).
21See, for example, the recent discussion in [48].
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a brief discussion showing how the same construction proceeds in that case. As it is somewhat
out of the main line of presentation of the paper, we have placed the discussion in this brief
appendix.
Recall that all invariants in N = 1 superspace can be written either as integrals over the full
superspace or over chiral superspace,∫
d4xd2θ d2θ¯ EL ,
∫
d4xd2θ ELch . (D.1)
In the superspace associated with conformal supergravity, the covariant derivative ∇A is con-
structed with a connection associated with each generator in the N = 1 superconformal algebra.
The algebra of covariant derivatives is given in [49] and is constrained so that all curvatures de-
pend only on the weight 3/2 chiral superfield Wαβγ , which contains the N = 1 Weyl multiplet.
22
The single invariant action one can construct in pure N = 1 conformal supergravity involves
the chiral superspace integral∫
d4xd2θ EWαβγWαβγ =
∫
d4x e
(
1
4CabcdC
abcd − 14CabcdC˜abcd + additional terms
)
. (D.2)
To construct the additional terms in (1.22) requires a compensator field. The simplest possi-
bility is a chiral superfield Φ of weight w. It is easy to see that in flat superspace
− 1
64
∫
d2θ D¯2D2D¯2 ln Φ¯ = −1
4
∫
d2θ D¯2✷ ln Φ¯ = ✷✷ ln A¯ . (D.3)
The generalization of this chiral integrand to conformal superspace turns out to be its naive
covariantization: S(ln Φ¯) = − 164∇¯2∇2∇¯2 ln Φ¯. One can check that S is a covariant conformal
primary chiral multiplet of weight 3. The proposed chiral invariant corresponding to the N = 1
Gauss-Bonnet is
Γ :=WαβγWαβγ + w
−1
S(ln Φ¯) ,∫
d4xd2θ E Γ =
∫
d4x e
(
1
4C
abcdCabcd − 14CabcdC˜abcd + w−1✷c✷c ln A¯+ · · ·
)
(D.4)
where ✷c := D
aDa for Da = ∇a|θ=0, the supercovariant derivative of N = 1 conformal super-
gravity, and we have kept only the relevant terms.
The N = 1 Gauss-Bonnet is usually formulated in Wess-Zumino superspace.23 To compare
our expression to the usual one, we must rewrite the conformally covariant derivatives ∇A in
terms of the Wess-Zumino covariant derivatives DA. The result of the degauging process is
S(ln Φ¯) = ∆ ln Φ¯ + w S0 ,
22 The normalization conventions in [49] were originally chosen to coincide with [47], but in this appendix we
follow the normalization conventions of [37]. This requires that we rescale the supersymmetric Weyl tensor as
Wαβγ → 2Wαβγ .
23The details of Wess-Zumino superspace are covered in the standard references [36, 47, 37], and its auxiliary field
structure corresponds to old minimal supergravity. The Gauss-Bonnet invariant may be equally well constructed
in new minimal [50] or U(1) supergravity [51].
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∆ ln Φ¯ := − 164(D¯2 − 4R)
(
D2D¯2 ln Φ¯ + 8Dα(Gαα˙D¯α˙ ln Φ¯)
)
,
S0 := −14(D¯2 − 4R)
(
2RR¯+GaGa − 14D2R
)
, (D.5)
where here and below we use the usual N = 1 abbreviation D2 = DαDα and D¯2 = D¯α˙D¯α˙. In
this expression, the additional torsion superfields R and Ga of Wess-Zumino superspace appear;
these contain respectively the Ricci scalar and the Einstein tensor. The equation (D.5) may be
compared both to the analogous N = 0 result (5.21) and to the N = 2 result (5.22). Under a
super-Weyl transformation [52, 53] involving a chiral parameter Σ, the spinor covariant derivative
and the curvature superfields transform as
δΣDα = (Σ¯ − 12Σ)Dα +DβΣMβα , δΣWαβγ = 32ΣWαβγ ,
δΣR =
1
4D¯2Σ¯ + (2Σ − Σ¯)R , δΣGαα˙ = 12(Σ + Σ¯)Gαα˙ + iDαα˙(Σ− Σ¯) , (D.6)
while Φ transforms as δΦ = wΣΦ. One can check that
δΣ∆ ln Φ¯ = 3Σ∆ ln Φ¯ + w∆Σ¯ , δΣS0 = 3Σ S0 −∆Σ¯ , (D.7)
which ensures that S(ln Φ¯) transforms homogeneously, δΣS(ln Φ¯) = 3Σ S(ln Φ¯).
In the form (D.5), it is easy to see that the chiral superspace integral of S(ln Φ¯) depends on
the superfield Φ¯ only via a total covariant derivative; discarding any explicit total derivatives,
one finds ∫
d4xd2θ E Γ =
∫
d4xd2θ EWαβγWαβγ +
∫
d4xd2θ d2θ¯ E
(
2RR¯+GaGa
)
=
∫
d4x
(
1
4Lχ − 14LP + total derivative
)
. (D.8)
This is the N = 1 Gauss-Bonnet in old minimal supergravity [54, 55], whose real and imaginary
parts correspond respectively to the usual Gauss-Bonnet invariant and the Pontryagin term. Its
topological nature in superspace was first demonstrated in [56] (see also [37]). The full component
expression appeared first in [57].
There is a curious feature of the operator ∆ which deserves comment. Taking two chiral
multiplets Φ and Φ′, both now of weight zero, it is natural to define
S(Φ¯) := − 164∇¯2∇2∇¯2Φ¯ ≡ ∆Φ¯ . (D.9)
One can check that
δΣ∆Φ¯ = 3Σ∆Φ¯ (D.10)
and so ∆ can be viewed as a super-Weyl covariant mapping from a weight-zero anti-chiral multiplet
to a weight-3 chiral multiplet. This is the N = 1 generalization of the Fradkin-Tseytlin operator
discussed in section 1. One finds24∫
d4xd2θ E Φ′S(Φ¯) =
∫
d4xd2θ E Φ′∆Φ¯ =
∫
d4x eA′✷c✷cA¯+ · · ·
=
∫
d4x e
(
DaDaA′DbDbA¯+DaA′
(
2Rab − 23ηabR
)
DbA¯+ · · ·
)
. (D.11)
24More details regarding the component expression can be found in [58].
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One may equally write∫
d4xd2θ E Φ′∆Φ¯ = 1
16
∫
d4xd4θ E
(
D2Φ′D¯2Φ¯− 8DαΦ′Gαα˙D¯α˙Φ¯
)
. (D.12)
The expression on the left is super-Weyl invariant as a consequence of (D.10), while this property
is obscured for the expression on the right. However, one can check that it does transform into
− 1
8
∫
d4xd4θ E
(
DαΣDαΦD¯2Φ¯ + 4iDαα˙ΣDαΦD¯α˙Φ¯ + c.c.
)
= −1
8
∫
d4xd4θ E
(
Φ¯D¯2(DαΣDαΦ) + 4i Φ¯D¯α˙(Dαα˙ΣDαΦ) + c.c.
)
= 0 . (D.13)
One might wonder whether a simpler version of this operator could be constructed. The
obvious proposal of Φ∇2∇¯2Φ¯ integrated over the full superspace is unfortunately not a conformal
primary; equivalently, there is no conformally covariant anti-chiral (or chiral) d’Alembertian in
Wess-Zumino superspace. This is in agreement with the discussion in [59] that the analysis of [25]
is not directly applicable in superspace. Rather, one requires the (higher dimension) operator ∆.
The N = 1 supersymmetric generalization of the construction of [25] is given in [60].
We should also mention that the N = 2 version of the Fradkin-Tseytlin operator can be
constructed in the context of the SU(2) superspace discussed in section 5.3. It is simply the
covariant chiral projector ∆¯, and the actions analogous to (D.12) are∫
d4xd4θ E Φ′∆¯Φ¯ =
∫
d4xd4θ d4θ¯ E Φ′Φ¯ , (D.14)
where Φ and Φ′ are weight-zero chiral superfields and both integrands are manifestly super-Weyl
covariant. This is exactly the action considered in [15].
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